The Dynamics and Geometry of Kleinian Groups

Alexander Elzenaar

June 21, 2021



ii



Contents

Introductory remarks
IL_Maobius franstormations
IL.L1  Ditterentiabilityy . . . . . . . L e e e
[.2  The general Mobius group . . . . . . . . . . . . . . e e e e e e
IL.3  Geometric properties ot the general Mobius groupg . . . . . . . . . . ... ...
[.4 Isometric spherey . . . . . . . . . o . e e e e e e e e e e e e e
IL.5  The halt-plane model of hyperbolicspacg . . . . . . . . . . . .. ... ... ......
[.6  The ball model of hyperbolicspaceg . . . . . . . . ... ... ... .. . . .......
2__Classification of fractional inear franstormations
2.1 MatrixanalysSig . . . . . . . . e e e e e e e e e e e e e e e
P2 TRENOMM . . . . . o o o e e e e e e e e e e e e e e
£.3  Fixed points and conjugacy classes . . . . . . . . . . e e e e e e e e e
231 Onefixedpoinf . .. . . . . . . . . . @ i i i e e e e
.32 TwonxXed pointy . . . . . . o o i i e e e e e e e e e e e e e e e e e e e
P33 Ihefraceofanelementl . . . . . .. .. ... .. ... .. .. .. ...
2.4 Commutators and niXed poInty . . . . . . . . o v v i i e e e e e e e e e e e e
B Kleinian groups
B.1 Discontinuous actions and the ordinaryseff . . . . . . . . . . . . ... ... ...,
B2 _Some more resulfs on isomefric circled . . . . . . . . . . . o e e e e
B3 Limiftpomtd. . . . . . . . e e e e e e e e e
B.4 Jorgensen'sinequalityl . . . . . . . . . L L e e e e e e e e e e e e e e
B.5 Someexamples . . . . . . . e e e e e e e e e e e e
B.5.1 AFuchSian groupy . . . . . . . . . o e e e e e e e e e e e e
A—_Riemann surfaces
BT Defnifiond . . . . . . . . e e e e e
B2 TFundamenfaldomaind . . . . . . . . . . . oo e e e e e
A3 BoundsonRileysliced . . . . . . . . . . e
FA TREFOrd TE€I0N . . . .« v v v o e e e e e e e e e e e e e e e
b__Palate cleanser: convexity theory in hyperbolic space
b.1 Theconvexhullingeneral .. ... ... ... ... ... ... ... ... ... ...
b2 Pohafionsand [aminationd . . . . . . . . . . L L e e e e e e e e e e e e e
B3 Pleafed surfaced . . . . . . . . e e e
b.4  Roots, and their lowering . . . . . . . . . . . L e e e e e e e e e e e e

15
15
16
19
20
21
23
25

29
29
33
35

50
50

51
51
54
57
59



iv

B.5_ Pleafing properties of theconvex hull . . . . ... ... ... .....

h s-manifolds

0 DY ¢ o o e e e e e e e e e e e e e e e e e e e e e e e e e e e e e

b.3 Hyperbolicconvexity]l . . . . . . . . . v i i i i i e e
b.4 'Thegeometryoth—convA(') ... .. ... ... ... ... ....

I Geometrically finite groups

/.1 Fundamental polyhedryg . . . . . . ... ... ... ... 0
/.2 __Parabolic elements and puncture§ . . . ... . .. ... ... ... ..

B__Moduli spaces of Kleinian groups

B-I Preliminaries on KIeinian group SPacey . . . « « v v v v v v v v v v

B.3  Statements of theorems on continuity] . . . . . . . .. ... ... ...

pB.4 _Proois ot the continuity of geodesic length and bending measure

0_Combination theorems

L0 Combinatorial group theory and algebraic geometry|

[0.T Represenfafiontheory . . . . . . . . . . . . . . . . . .. ...
[[0.Z Curves of representafions and character varietie§ . . . . . . . . . . ..

AAlgebraic topologyi

-
A DY/

B Measures
B1b oraphy
Index

A2 Covering spaces and deck transformationg . . . . . . . . . . . . . . . .
A3 Freely disCONtinUOUS @CHONY . .« .« « « v v v v v v e e e e e e e e

CONTENTS

101

......... 101
......... 105
......... 106
......... 107

109

......... 109
......... 112

115

......... 115
......... 116
......... 118

119

121

124



Introductory remarks

These notes are an introduction to the actions of M&bius transformations on hyperbolic space, and
the manifolds which are constructed via taking quotients of the space by the group action.
Primary references are [£, 34]. See also [B¥] for geometric fundamentals.
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Chapter 1

Mobius transformations

The goal for this chapter is to introduce the notion of a Mébius transformation on R” (which we
shall, in the case n = 2, call a ‘fractional linear transformation’ and consider with the natural action
on C).

1.1 Differentiability

Suppose U C R" isopen, and let f : U — R" be a function. We say that f is differentiable at some
x € U if there exists a linear map df, : R" — R" such that there exists an open neighbourhood V'
of x such that forally € V,

FO)—fG)=dfs(y —x)+ oy —x)

o=l _

lly—xl|
We shall be interested in maps R” — R" and C — C which ‘locally preserve angles’. We will

wish to define this as ‘have differentials which preserve angles’.

Let A € GL(n,R). We say A is orthogonal if (Ax, Ay) = (x,y) for all x,y € R". It is easy
to prove (using the fact that A and A’ are adjoint operators) that this is equivalent to the condition
A!'A = I, and that the set of all such operators forms a subgroup O(n) < GL(n, R). An orthogonal
map is precisely a linear Euclidean isometry; and all Euclidean isometries are of the form Ax + a for
some A € O(n) and some a € R".

In the complex case, we say A € GL(n,C) is unitary if (Ax, Ay) = (x,y) for all x,y € C".
Again, it is easy to prove that this is equivalent to the condition A*A = I (where A* is the conjugate
transpose of A), and that we have defined a subgroup U(n) < GL(n, C).

We say that f is conformal at x if the operator d f, is a non-zero scalar multiple of some orthog-
onal matrix; we say that f is orientation preserving or reversing according to whether detdf, is
positive or negative.

We may identify C with R? (in this case, differentiable maps are called holomorphic), and ask
for z € U that the linear map df, is in fact multiplication by some w € C; doing this, we deduce the
Cauchy-Riemann equations,

where ¢ is a function with ¢(0) = 0 and lim,,_,

bu_dv  ou_ o
ax ~ ay’ dy ~ dx

(where we are writing z = x + iy and w = u + iv, so f(x + iy) = u + iv). In any case, we see that

1



2 CHAPTER 1. MOBIUS TRANSFORMATIONS

df, has matrix representation
a b
fora = g—u and b = ‘;—u. A simple computation then shows that A'A = (det A)I, so df, is an
X

orthogonal transformati(}))n wheneverdetd f, # 0. In other words, a holomorphic map f is conformal
away from its critical points. Note also, det A = a? + b?> > 0; so holomorphic maps are orientation
preserving.

We briefly discuss now a central example of conformal maps.

1.1.1 Example. A linear fractional transformation is a map f : C — C such that

az+b
cz+d

fl2) =

for all z € C, where a,b,c,d € C. Note that f is defined and holomorphic at every point except
z=—d/c.

Consider now PC! with homogenous coordinates; there is a natural action of End(2, C) on this
space, namely by direct multiplication. Consider the computation

HE

which shows that this natural action gives us (whenever z # —d/c) precisely the action of f on the
copy of C in PC! with second coordinate 1. In this way we have a natural identification between

az+b

A= cz+d

the group of non-singular fractional linear transformations (those with Ccl Z # 0) and the group

PSL(2, C). Itis natural then to view fractional linear transformations as acting on the Riemann sphere
C := CU{oo}, sending —c/d +— oo and oo = a/c (with a/c := co when ¢ = 0). We will use the symbol
M to denote the group of fractional linear transformations with their action on the Riemann sphere.

Now suppose f is singular, so ? = 0. This implies that the kernel of the matrix A as it acts as

d
a linear map on R? is nontrivial. If dimker A = 2, then A is the zero transformation and thus does
not even act on PCL. On the other hand, if dimker A = 1 then dimima = 1; that is, f is a partial
function on PC! which sends all the points in its domain of definition to a single line in R? and thus
a single point in PC!.

Finally, we note that given any three points z1, z,, z3 € C and any other three points w;, w,, w3 €
C there is a fractional linear transformation sending each z; to the respective w; (fractional linear
transformations are triply transitive). Indeed, it suffices to show this when (w;, w,, w3) = (0, 1, 00);
and then the map

Z—2Z12p)—2Z3
zZ = —

Z—232y—2;

works.
1.2 The general Mobius group
In this section, we follow essentially [6, section 3.1] and [I4, chapter 5].

Let a € R" and r > 0. We write S(a, r) for the sphere of radius r, centred at a. There is a natural
notion of a reflection through S(a, r).
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1.2.1 Proposition. Forany x € R"\{a}, thereis a unique point x' on the ray ax such that||x’ — a||||x — a|| =

r2.

Proof. There is a unique intersection point between the ray and the sphere S(a,r?/||x —al|). &=

We usually consider the sphere S(a, r) as a subset of the space R” := R" U {co}. In this case, we
define a transformation ¢ : R" — R” that sends each x € R" \ {a} to the point x’ of R" defined
by Proposition I, and which swaps a and oco. We call this transformation the sphere inversion
with respect to S(a, r).

It is fairly easy to write down a formula for the action of ¢ on R" \ {a}:

1.2.2 Proposition. If ¢ is sphere inversion with respect to S(a, r), then

2
$(x) ==a+<|| ||> (x—a).

2 2
ll$(x) — all = Ql ”) —a)ll= ——. A

llx — all

Proof.

It is clear by looking at this formula that ¢ is continuous at all points of R" except possibly a and
o0. We may place a topology on R” to make ¢ continuous at every point; in order to do this, we will
need some geometric information about ¢.

1.2.3 Lemma. Let ¢ be a sphere inversion with respect to a sphere S; then ¢ is an involution of R" which
exchanges the interior and the exterior of S. =

Notation. If x,y € R", we use the notation |x, y| for the Euclidean distance ||x — y||. We shall use
d(-, ) to denote another metric on R” (the chordal metric) later on.

1.2.4 Lemma. Let x,y € R" be points, and let ¢ be sphere inversion with respect to S(a, r); then

|p(x), p(¥)| = |x, y|.

| alla Yl

Proof. 1t is easy to see that the triangles axy and a¢(y)$(x) are similar (indeed, the angle at a is
shared and one other angle on both triangles is a right angle). Then

900,60 _ [a,9()] _ _
%] @yl laxl layl  xallay]

2

completes the proof. =

1.2.5 Theorem. Let H C R" be a sphere or a hyperplane (when we embed hyperplanes of R" into R",
we will always consider them as spheres through the point o), and let ¢ be the sphere inversion with
respectto S = S(a,r). Then ¢(H) is a sphere or a hyperplane.

More precisely:

1. The image under ¢ of a hyperplane containing a is a hyperplane containing a.
2. The image under ¢ of a hyperplane not containing a is a sphere containing a.

3. The image under ¢ of a sphere containing a is a hyperplane not containing a.
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Pﬁf s F'Ea(

(a) Case that p lies inside S. (b) Case that p lies outside S.

Figure 1.1: Proof of Lemma [CXA.

4. The image under ¢ of a sphere not containing a is a sphere not containing a.
We use the following lemma.

1.2.6 Lemma (Jakob Steiner, 1826). Let S = S(a,r) be a sphere. If two lines through a point p meet S
at points a, a’ and b, b’ respectively then |p, a||p, a" =|p, b”p, b’|.

We call the constant value of the product the power of p with respect to S.

Proof. If p is inside the sphere (Fig. [Id), we have similar triangles apb’ and bpa’ whence we obtain
p.a|/ | D, b’| = |p,b|/ | p,a ‘ If p is outside the sphere (Fig. [TTH), consider a point ¢ such that the line
pt is tangent to S. The triangles pta and a’tp are similar, whence |p,t|/|t,a| = |a’, t1/|t,p|; thus
t, p|2 = |t,qa| 1[, a’|, which is independent of the choice of a. N2

Proof of Theorem 3. 1. Let H be a hyperplane containing a; then for any x € H, the ray ax
lies in H; hence ¢(x) € H. Since ¢ is its own inverse, $~!(x) € H for all x € H, and thus
(¢~ 1(x)) = x exhibits x as the image of a point in H, i.e. ¢(H) is bijective on H.

2. Let H be a hyperplane disjoint from a, let x be the foot of the perpendicular from H to a, and
write x’ for ¢(x) (Fig. [2). We claim that ¢(H) is the sphere S’ with diameter [a, x']. Indeed,
pick y € H, and let y’ be the intersection of the ray ay and the sphere S’. The triangles axy
and ay’x’ are similar, hence

!/

la,y| _ |&¥|
axl = Jay] — 1@Vlley]|=|axlex =
9 9

soy’ = ¢(); asin (1) it is easy to see that ¢ is bijective between H and S'.

3. Apply (2) to ¢~L.



1.2. THE GENERAL MOBIUS GROUP 5

Figure 1.2: Image under inversion of a hyperplane not through the centre of inversion.

4. Surprisingly difficult; for a different approach, see [I4, section 5.4] (via cross ratios). Let S’ =
S(a’, r") be asphere not containing a; write p for the power of a with respect to S’ (Lemma [C2ZR),

2
and let ¢ be the map x — %(x —a)+a. Thisis a Euclidean dilation with centre a, so the image
(S") is a sphere S”. In particular, if x is any point of S’ then [(a’), ¥(x)] is a radius of S”. We
have by the properties of dilations that
oy

@g@)] P

Let y be the other intersection point of @, X and S’. By the properties of the power of a, we have
la,y||a, x| = p. Substituting in the above display and cancelling, we have

la. )| _

la, x|~ la,ylla, x|

= |a,P(x)|la,y| = r?
and thus 1(x) is the image of x under the spherical transformation with respect to S. We have
therefore shown that ¢ |y = 9, and in particular ¢(S") = S”. =

Based on this theorem, we will view hyperplanes as ‘spheres through infinity’ and hyperplane
reflections as generalised sphere inversions. In particular, a reflection will be a map ¢ : R" —» R”
which is either a sphere inversion or the reflection across a hyperplane (extended to fix oo).

1.2.7 Proposition. Let B be the set of subsets of R" consisting of the following:
o Foreachr > 0andeach a € R", theset B(a,r):={x e R" : ||x —al| < r};
o Foreachr > 0, the set B(co,r) := {x € R" : ||x|| > r} U {oo}.

Then B is a basis for a topology on R".
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Proof. Recall that a basis satisfies two properties: (1), for all x € R”, there exists B € % such that
Xx € B;and (2), if x € B; n B, for B}, B, € A then there exists C € % such that x € C C B; N B,.
Clearly (1) is satisfied. For (2), let By, B, € 9; we have three possibilities. If B; and B, are Euclidean
balls, then (2) is satisfied since Euclidean balls form a basis for the usual topology on R". If B; =
B(o0,r;) and B, = B(eo, ;) are balls about infinity, then B; N B, = B(co, max{r;,r,}) € %. Finally,
suppose B; = B(a,r;) and B, = B(o0,r,) for a € R". Both of these have open intersection with R",
so By N B, contains a Euclidean ball around each of its elements. )=

We call the topology generated by % the inversive topology on R”. Clearly R” has the Euclidean
topology as a subspace of R".

1.2.8 Proposition. Let¢ : R" — R" be a reflection. Then ¢ is continuous with respect to the inversive
topology.

Proof. . Itsuffices to check that $~1(B) = ¢(B) is open for each B € 3. For reflections, this is an easy
exercise. The case of spherical inversions is also easy to do using Theorem 23 and Lemma [2X3:
¢! = ¢ sends interiors and exteriors of spheres (Euclidean open balls and open balls around infinity,
respectively) to interiors and exteriors of spheres or open half-planes. A=

‘We now show that the inversive topology is in fact a metric topology. We will do this by pulling
back the chordal metric of the n-sphere via stereographic projection.

Consider the natural injection = : R" — R"*! defined by (a3, ...,a,)” = (ay,...,a,,0) on R"
and sending co — o0. Let S” denote the n-sphere embedded in Rr+1 namely S” = S(0,1) C R+
Define the projection map 7 : R"™! — S" by stereographic projection away from e"*!; we find
A € (0,1] such that for x € R",

1= 1A% + (1 — Deprll” = 2x|* + 1 —2)2 = 0= 22 (||x||2 + 1) —21

2
and thus 1 = ——;so
[IxII”+1

2
2 xT-1
— X+ — "
Ixl"+1  flx["+1

(%) = +1-

Defining 77(c0) := oo, we obtain a bijection 7 : R"” — S". We may define therefore a pullback metric
on R", via

(1.2.9) d(x,y) = ||lz(x) — 7(P)|-

This is the chordal metric on R”.

1.2.10 Theorem. The metric topology on R" induced by the chordal metric is precisely the inversive
topology.

Proof. We give an explicit formula for d:

2||lx — i
¢ +2|IXI|)2)1/2(1 +[lyIh®)/2

n

(1.2.11) d(x,y) =
— Yy = oo.
1+ (x|l

One can obtain this formula by realising that stereographic projection from R" to S” is precisely the

sphere reflection in S(e, 1, \/5) and using the formulae ||X — e, 4, ||2 =1+ ||x||2 and Lemma 4.
It is easy to see now that every open set of one topology is open in the other. =
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We now have a metric topology with the property that every reflection ¢ : R" — R" is continuous
with respect to it.

1.2.12 Definition. The group of homeomorphisms of R" generated by the set of reflections is the
general Mdbius group; an element of this group is a Mdbius transformation. We use GM(n) to
denote this group.

Since every Euclidean isometry is a finite composition of (hyperplane) reflections (this is proved
geometrically in [T3, chapter 3], and algebraically as [f, theorem 3.1.3]), we see that Isom(n) <
GM(n).

More interestingly, the fractional linear transformations of Example [T are M&bius transfor-
mations.

1.2.13 Lemma. The complex inversion map z — z~! is a Mobius transformation in R2.

Proof. Let z = rexp(i0); then z=! = r~! exp(—if), so z +— z~! is the composition of inversion in the
unit circle and reflection across the real axis. NS

.o : : Lo A . b
1.2.14 Proposition. Let f be the fractional linear transformation given on C by the matrix [Z d]‘

Then .
a ad-bc d\~

Z)=———\Zz+ —

e CO)

and so f is the composition of a translation, complex inversion, dilation, and a second translation. In
particular, f € GM(2). NS

We finally remark that there is a second natural generating set of GM(n), distinct from the set of
all reflections.

1.2.15 Proposition. The group GM(n) is generated by the set of transformations R" — R" consisting
of:

1. The orthogonal transformations O(n) (which are taken to fix o0);

2. The sphere inversion with respect to S(0,1), x — x* = ||x||_2x;

3. The real dilations about 0, x — kx for all k € R, (which are taken to fix 0); and
4. The translations, x — x + a for all a € R" (which are taken to fix o).

Proof. Itisclear (e.g. by the formula of Proposition I"22) that a sphere inversion in S(a, r) is precisely
a composition of a translation x — x — a, sphere inversion through the unit sphere, dilation by r?,
and translation by a.

Note also, every Euclidean reflection is an orthogonal transformation composed with a transla-
tion. Nz

1.3 Geometric properties of the general Mobius group

We already know that fractional linear transformations are conformal, being holomorphic. We now
consider the general case. In this section, we follow essentially [#, section 3.2].

1.3.1 Theorem. Every reflection is orientation-reversing and conformal. Thus every element of GM(n)
is conformal; and an element is orientation-reversing or preserving as it is a product of an odd or an
even number of reflections, respectively.
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Proof. Elementary but tedious computations with derivatives, see [6, theorem 3.1.6]. =

The following theorem essentially gives the converse to Proposition "ZT4: every orientation-
preserving Mébius transformation in R? is a fractional linear transformation.

1.3.2 Theorem. Let f : C — C be a continuous injection, entire on C. Then f is a fractional linear
transformation.

Proof. Let g be a fractional linear map sending f(o0) — oo, and let h = gf; then h is also a holomor-
phic injection of C. Since h fixes o0, h(C) C C and so h I'c is an injective entire function. By Picard’s
little theorem ([2, theorem 5 of chapter 8]), since h is non-constant it has image C or C \ {z} for some
z € C. On the other hand, & is a homeomorphism onto h(C) and so the latter is simply-connected;
this means h(C) = C and h is bijective.

Now note, by continuity lim,_,, h(z) = oo. Thus h has a pole at oo, so h(1/z) has a pole at
0. Thus we may expand h(1/z) at 0 in the form h(1/z) = z7* Z:):o a,z" for some k € Z, and so
h(z) = z EZO:O a,z " at 0. Since h does not have a pole at 0, there must be only positive powers in
the expansion and so h is polynomial; and since # is injective, we must have that the degree of the
polynomial is 1. Thus h(z) = az + b. Now f = g~'h; and the composition of two fractional linear
maps is fractional linear. nZ

1.3.3 Corollary. Let f : R? — R2 be a Mobius transformation. Then:
1. If f is orientation preserving, then f is a fractional linear transformation.
2. If f is orientation reversing, then f is a fractional reflection: a map which acts on C as

az+b
cz+d

Z -

forsome a,b,c,d € C.

Proof. The orientation preserving case is precisely Theorem I372. Suppose f is orientation reversing;
let g be the map z — z, which is a reflection and hence Mgbius. The composition fg is orientation

preserving and so by part 1, (fg)(z) = %:s for a,b,c,d € C. Then f(z) = (fgg)(z) = % as
required. A=

Recall, we defined M to be the group of fractional linear transformations acting on C. We will
write M(n) for the subgroup of GM(n) of those Mobius transformations which are orientation pre-
serving, with their natural action on R"; identifying C and R? gives a natural identification M =
M(2), and we will continue to avoid treating these group actions as being different.

1.3.4 Lemma. Mobius transformations are transitive on spheres.
Proof. Let S C R" be a sphere; it suffices to show that there is a transformation mapping S to the

plane x,, = 0. If S is a plane, a Euclidean motion suffices. Otherwise, pick a point x € S and take a
Mobius transformation sending x — oo, then this reduces to the plane case. =

1.3.5 Lemma. Let o be the Euclidean reflection in R"™ with respect to the plane S with equation x,, = 0.
If ¢ is any Mébius transformation that fixes S pointwise, then ¢ = o or ¢ is the identity.
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Proof. Leta € S and r > 0 and consider S’ = S(a,r); since a,c0 € S, ¢ fixes a and co and S’ is
mapped to a Euclidean sphere S” = S(b, s). Since S’ is orthogonal to S, S” is also orthogonal to S.
Thus the centre of S’ must also lie on S. In particular, if x is a point of S N S we have |x,b| = s;
but S” NS = S’ n S since ¢ fixes S pointwise, so such an x has |x,a| = r. Thus the points of
S NS = S' NS form a circle simultaneously of centre a and radius r, and centre b and radius s; this
is nonsense unless a = b and r = s. In particular, S = S’ and ¢ fixes S’ (possibly not pointwise).

Let x € R™\ S, and let y = ¢(x). Pick a € S and let S’ be a sphere with centre a through x (so
the radius r of S’ is ||x — al|). By the first paragraph, S’ is fixed by ¢, soy € S’.

If a = 0, then we see that ||x|| = ||y||. Taking a = e; fori € [n—1], we see that ||x —¢;|| = ||y — ]|
o) ||x||2 —2(x,e;)+1 = ||y||2 —2(y,e;)+1 for all i; cancelling, we see that x; = y; for all such i. Further,
X2+ -+ x5 =yl + - +y} and so x; = y; and hence x,, = +y,: so ¢ either fixes R" \ S pointwise
or is the reflection across S. A=

1.3.6 Theorem. Let o the sphere inversion with respect to a sphere S. If ¢ is any Mobius transformation
that fixes S pointwise, then ¢ = o or ¢ is the identity.

Proof. By Lemma 34 there is a M&bius transformation 3 sending S to the plane x,, = 0. Then the
conjugation 1oy ~! fixes the plane pointwise and is not the identity since o is nontrivial. Hence by
Lemma 33, o~ is reflection across the plane.

Now note, by application of the same lemma we have that ¢! is either the identity or reflection
across the plane. If p¢p~—! is the identity, then ¢ is the identity. Ifpppp~! = poyp~', thendp = 0. 1=

Note, in the proof of the theorem we showed that any reflection o is always conjugate via the map
1 given by Lemma 34 to the reflection across the plane x,, = 0. Thus

1.3.7 Corollary. Any two reflections are conjugate in GM(n). NS

1.3.8 Proposition. Letx,y,u,v € 4 be distinct. The cross-ratio of these points is the number

[l — ull|ly = vl|
[x,y,u,v] = ————.
[l = yllllu = vl|

A function ¢ : R" — R" is a Mobius transformation iff it preserves cross ratios.

Proof. We use Proposition XT3. Itis clear that orthogonal maps and translations preserve the cross-
ratio (they preserve distances), and that dilations preserve it (the scale factors cancel). Thus to show
that all Mobius transformations fix the cross ratio it suffices to check the reflection ¢ in S™. But note
that by Lemma 24 we have

160e) — gl = =2
I

and the norms of the points x, y, u, v cancel symmetrically in the formula for the cross-ratio.

Suppose now that ¢ is a map preserving the cross-ratio. By composing ¢ with a suitable Mobius
transformation we may assume that ¢ fixes oco. For x,y,u,v € R", the ratio [0, ¥, u, ] /[x, ¥, 00, V]
is invariant under ¢. Hence

lloo — ulllly = vll lx = ylllleo — vl _ [leo — ¢GlllI$¢G) — $II lI$(x) — ¢ONllleo — ¢ V)]
lloo = ylllfu = vll llx — oolllly — vl [leo = ¢WIlll¢() — S| ll$(x) — collll¢(y) — (V)|

and cancelling we obtain

ll$(x) = Wl _ llp(w) — ¢W)l
x—y B Uu—v
so ¢ is a Euclidean similarity and thus is a Mobius transformation. =

1.3.9 Corollary. If ¢ is a Mobius transformation which fixes oo then ¢ is a Euclidean similarity. 7=
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1.4 Isometric spheres

Fix some ¢ € GM(n) which does not fix co; let « = ¢~ !(c0) and let &/ = ¢(o0); hence ¢ maps
the family £ of spheres through o and oo to the family £’ of spheres through oo and «’. Since ¢
is conformal, ¢ sends the family § of spheres orthogonal to the family £ to the family 8§’ of spheres
orthogonal to £’. Note, though, that these families are precisely the spheres around « and the spheres
around o’ respectively.

Note that ¢ acts continuously on the radii of the spheres of S. Consider the natural action of ¢ on
the closure of this set, [0, co] (where 0 is the radius of the point-sphere around « and oo is the radius
of the point-sphere around oo). By the Brouwer fixed point theorem, the action on the set has a fixed
point. However, ¢ swaps 0 and co. Thus there exists some R € [0, o0) such that ¢(S(a, R)) = S(a’, R);
and since ¢ is conformal, it preserves the chordal metric on S(a, R) (as the chordal metric between
two points x and y is determined only by the radius R and the angle of the triangle xay.).

In fact, we may be more precise: we will show that the action of ¢ on [0, oo ] is monotone decreasing
and so the fixed point is unique. We will also compute explicitly the radius R.

1.4.1 Lemma. Let ¢ € GM(n) fix 0 and leave the unit ball B" invariant. Then ¢ € O(n).

Proof. Note by continuity that ¢ leaves S”~! invariant; let o be the reflection in S”. Then ¢~1o¢ fixes
S™ and by Theorem [[38 either ¢~'o¢p = o or ¢p~lo¢ is the identity. Note, $~'op(0) = ¢~1o(0) =
¢~ 1(c0); since ¢(0) # oo, it therefore cannot be the case that ¢~ 'o¢(0) = 0;s0 ¢~lop = o, and ¢
and ¢ commute. Thus ¢(o0) = ¢pa(0) = cp(0) = g(0) = o0; and by Corollary T34, ¢ is a Euclidean
similarity. Since ¢ leaves S”~! invariant and fixes the origin, it is immediate that ¢ € O(n). =

1.4.2 Theorem. Let ¢ € GM(n).

1. If ¢ fixes oo, then there exists A € O(n), r > 0, and xy € R" such that ¢(x) = r(Ax) + x, for all
x € R",

2. If ¢ does not fix oo, then there exists A € O(n), r > 0, xq € R", and a sphere inversion o such that
¢(x) =rAox + xg for all x € R".

Proof. For (1), let x, = $(0) and let r be the radius of $(S”~1). Then : R" — R" defined by (x) =
(x — xg)/r has the property that ¢ fixes oo and preserves B". By Lemma [, the map ¢p¢ € O(n)
and the result follows. For (2), compose ¢ with a sphere inversion o sending co + ¢~1(0). b=

1.4.3 Corollary. Let ¢ € GM(n). There is a unique o € R" and R > 0 such that ¢ acts isometrically
on S(ct, R).

Proof. By the theorem, we may write ¢(x) = rAox + x, for some o a reflection with respect to some
sphere S(a, s). Note that a is necessarily ¢ ~1(c0). By Lemma 24,

2 —
lp(x) — || = rllo(x) — o) = rs¥llx = yli

llx —alllla =yl
Let R = sy/r, and let S = S(«, R). Observe that the value

&) — ¢(x)
y—Xx

R2

lim =
llx — allllec = yl|

y=x

is equal to 1 if and only if x € S. Further, note that the value is greater than 1 precisely when x is
inside S, and less than 1 when x is outside S; and this shows the monotonicity property mentioned
above with respect to radii of points about a. =
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1.5 The half-plane model of hyperbolic space

There is a natural action of GM(n) on the space R™*+!. We discuss this action now, essentially follow-
ing [B, section 3.3].

1.5.1 Lemma. Given a sphere S C R" and an affine embedding j : R" < R"1 there is a unique
sphere S’ with the following properties:

1. S/ is orthogonal to j(R™);
2. ST nj(R") =5S.

Proof. If S = S(a,r) then define S/ == S(j(a),r); if S is a hyperplane through u with normal vector
n then define S/ to be the hyperplane through j(u) with normal vector j(n). Uniqueness is evident:
suppose S is a sphere, then S/ clearly must be a sphere and the only spheres orthogonal to an affine
hyperplane have their centre on the hyperplane; if S is a hyperplane, for S/ to be orthogonal to j(R")
the normal vectors of S/ must lie in j(R"). A

1.5.2 Proposition. Given an affine embedding j : R* & R"*! and a choice of a preferred half-space
H* bounded by j(R™*"), for every € GM(n) there exists a unique ¢/ € GM(n + 1) preserving H*
such that ¢/ (js) = j(¢*) for all s € R™. This is the Poincaré extension of ¢.

Proof. Suppose first that ¢ is a reflection across some sphere S C R”. Define ¢/ to be the reflection
across S/ in R"*1, The ¢/ clearly extend the action of ¢ in the following way: ¢/(js) = j(¢(s)) for all
s € R™. It is also clear that the ¢/ preserve the half-spaces of j(R"*1).

We may decompose an arbitrary ¢ € GM(n) into a product ¢ = o; --- o, where each o; is a reflec-
tion; then ¢/ = 0'{ ai clearly has the correct properties. Further, if ¢{ and ¢é are two extensions of

¢ in the given sense then (¢{ )_1¢£ fixes each point of the hyperplane j(R") and thus by Theorem 3 A

we have (qb{)_lqﬁé is either reflection across j(R") or the identity; but (qb{)_1 and qbé preserve H* so
their product does too, and so the product is the identity. A=

Since -/ preserves composition, we therefore have a group embedding GM(n) < GM(n + 1) for
every embedding j. We now fix a preferred embedding j, and thus a preferred group embedding.

1.5.3 Definition. If x € R", define % to be the point (x1,...,X,,0) € R""! and define & = oo.
Further, define H"*! to be the half-space (excluding co)

{(x1, s X Y) ER™L 1y >0}

and let ¢ denote the image of ¢ € GM(n) under the group embedding induced by ~ and the choice of
the preferred half-space H"*!.

1.5.4 Lemma. Let x,y € H™ 1. Then, for all $ € GM(n), we have
5 - -2
ly —xI* _ ||y — x|
Int1Xnt1 (@Y)n41(PX)nt1

Proof. Itsuffices to show that the equality holds whenever ¢ is a reflection. If ¢ is inversion in S(a, r)
then we have by Proposition 22 that

2

- . r .

(¢x)n+1 =dpy1 + ~ 2(x - a)n+1 = > ;
llx — all [lx|
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from Lemma 24 we then have
- -2
H¢y—¢xH _ rlx —y|I° 1
(Y)n+1(PX)n11 l|x — d”zllfl - y||2 (@Y)n+1(PX)n41

2 20112
Pl =yl Iyl
- 2 2 4
IxXIFlyl™ 7 *nt1Yne

which completes the proof. =

In fact, we can do even better:

1.5.5 Theorem. Endow H"*! with the Riemann metric g given by

— (dx1)?> + - + (dxp 1)

2
xn+1

(compare [32, theorem 3.7]). Then GM(n) acts as a group of isometries of H"*1, in the sense thatg = ¢p*g
forall ¢ € GM(n).

Proof. We neglect the proof, just use Lemma 24 to compute d¢, and then compute the pullback
in the same manner as Lemma [54. b=

1.5.6 Definition. The space H""! endowed with the metric g of Theorem 53 is called the half-
plane model of hyperbolic (n + 1)-space. We write p(x, y) for the distance between x,y € H"*!
with respect to g.

Further, we remark without proof that geodesics in H"*! are of two kinds: Euclidean semicircles
orthogonal to R", and Euclidean rays orthogonal to R".
Recall that the function cosh : C — C is defined by

cosh z := % (exp(x) + exp(—x)).

The following theorem gives a ‘global’ formula for the Riemannian metric in the half-space model.

1.5.7 Theorem. Ifx,y € H""! then

2
llx — i

coshp(x,y) =1+ .
2xn+1yn+1

Proof. Note first that the coordinates of the Riemann metric g are

0 i#]
8ij =11 i=j<n
X2 i=j=n+l

Hencedetg = x;fl, and the Riemann volume form is dV = v/detgdx; A-- AdXp 41 = X441 |_1dx1 A
e AdXpgg.

Suppose now that x = se,,; and y = te,,;. The geodesic joining x and y is the Euclidean
segment y through them; thus

t
px) = [ bl s n e Adis = [ | s = foge/s
14 N
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and by direct substitution,

1/t s

cosh p(x,y) = %(exp(log t/s) + exp(—logt/s)) = = (E + —)

2

2 + 52 (t—s) llx =yl
= =1+ =

2 t

1+ .
25t 2st 2Xp41Yn+1

Now, let y and y’ be arbitrary. Let S be the (unique) Euclidean circle containing y and y’ which is
orthogonal to the hyperbolic line at infinity, R" (we continue to use the half-plane model, so this is the
line {x,.; = 0}). Leta and 8 be the intersection points SNR"; at least one of these is not oo, say a # co.
Let 0 € GM(n) be sphere inversion in S(«, 1); this sends a — o0, and sends 8 — (). In particular,
the map g € GM(n) given by g(x) = o(x) — o(f) sends («, §) = (o0,0), and the Poincaré extension
& must therefore send S onto some geodesic in H> with points at infinity 0, co € R". The only such
geodesic is the x,,,1-axis, and so the map g sends y and y’ onto the x,,,;-axis, say g(y) = se,, and
g(y") = te,,1. Now note that both sides of the equality in the statement are preserved by the action
of GM(n), the left side because GM(n) is a group of isometries and the right side by Lemma [34. In
particular,

cosh p(x,y) = cosh p(gx, gy) = cosh p(sen41 c,,,)

2 2
t —s)? X — X —
B Gt SURPRN |2 2o 2 PR 2
2st 2(8%)n+1(8V)n+1 2Xp41Yn+1
where we used our above computation that the result held on the x,,, ;-axis. A=

1.6 The ball model of hyperbolic space

See also [B, section 3.4].
Let 7 : R" — S" be the usual stereographic projection from the north pole e, ; of S”, acting

on the preferred embedding R"". Recall that 7 acts as the restriction of the sphere inversion ¢ with

respect to the sphere S(e;,41, \/5). Since ¢(e,,1) = oo and ¢ maps R"” onto S", we must have that
the upper half-space is mapped to the exterior of S” (the connected component of R” \ S” containing

o0) and the lower half-space is mapped to the open ball B"*!. Thus, if o denotes reflection in R,

the composition f := ¢o is a M6bius transformation mapping H"*! — B"*1,
We may give an explicit formula for this composition:

2
(0X —ept1) = epy1 + 2(x — 2Xp41 — €ni1)-

(1.61) fX)=epp1+ ————
llox —enpqll lIX = 2xp41 — €pall

One can show that f induces the following Riemann metric on B"*! from the hyperbolic Rie-
mann metric on H"*1:

)+ 4 (X )?

(1.6.2) -
1— x|l

This is the ball model of hyperbolic n + 1-space. The canonical picture is included as Fig. [3.
Since we define the metric on B"*! in this way, every isometry of B! is of the form fgf~!, where
g is an isometry of H"*!. Because f € GM(n + 1), the group GM(n) is conjugate in GM(n + 1) to the
subgroup of GM(n + 1) leaving B"*! invariant.
Compare Eq. (Ch2) with Eq. (IZT). We have the following philosophy:

« The preservation of the ball metric of H"*! by GM(n) is equivalent to the preservation of the
chordal metric of JH"+! = S = R".
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Figure 1.3: M. C. Escher, Circle Limit I, 1958.

« The preservation of the half-space metric of H"*! is equivalent to the semi-preservation of the
usual metric of JH"*! via Lemma [CZ4.

The general idea of the remainder is to study the action of special subgroups (Kleinian groups)
G < M on sets of the form
H3*U Q(G)

where Q(G) is a ‘nice’ subset (the regular set) of 0H? = €, and the quotient spaces H> U Q(G)/G
obtained by gluing together elements of the boundary of dH? according to this action. We shall see
that the resulting space is very general.



Chapter 2

Classification of fractional linear
transformations

In this chapter, we reduce to the case n = 2; thus we will consider only Mobius transformations
which act on the Riemann sphere. We will follow a selection of topics from [34, chapter I] and [6,
chapter 4].

2.1 Matrix analysis

See [H, section 2.2].

Recall that we may identify M and PSL(2, C). In order to study M, we will need some invariants
of elements of M the easiest way to define numerical invariants is in terms of the matrices that we
may write down to represent them. To this end, we study the space of matrices End(2, C).

2.1.1 Lemma. The map [A, B] — tr(AB™) is an inner product on End(2, C) as a complex vector space.

Proof. Note that tr(AB*) = A;1Bq; + A1,B1; + Ay By + AyyBoy, 50 tr(AB*) is just another way of
writing the usual inner product on C* = C**2, A

We therefore obtain a norm ||A|| := v/[A, A] and thus a metric topology on End(2, C). We have
some additional relations beyond the usual axioms for a norm and metric.

2.1.2 Lemma. Let A,B € End(2,C). Then

~

- detAlfA~!| = Al

N

. [[A, B]| < lAlllIB|,
3. |AB| < |A||B|, and

. 2|det A < ||AI

A

Proof. By direct computation with coordinates we obtain (1). Introduce the auxillary quantity C =
[B,A]A — ||A||ZB; since ||-|| is a norm we have

2 2 2
|(B, Al4 - ||AI’B, B, AlA - |AI'B] = IIC|I” > 0

15
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and expanding the left hand size via the inner product axioms gives (2).

P q

Suppose AB = r sl Then |p|2 = |A11 By + A12By |; this latter is ||(x,y)||2 for x = (A1, A12)

and y = (Bj;,B;;) and so by Cauchy-Schwartz we havs |p|2 < (|A11|2 + |A12|2)(|B11|2 + |321|2).
Writing similar formulae for |q|2, Ir|?, |s|* allows us to write ||AB||2 = |p|2 + -+ + |s|* in terms of the
entries of A and B; these entries in the sum factor to give |A||B].

Finally for (4) note that |[det A| < |A1145,| + |A124,1| by the triangle inequality, so

2 2 2
AII"=2|det A| > |Aqq| ™+ +]An| —2(|A11An|+|A12A2 ) = ([Anl-1A%ID*+[AlI-1Ax ) > o.
This proves the lemma. =

We finally give some convergence results.

1. A sequence (4, : n € N) in End(2,C) converges iff the sequences ((4,);; : n € N)all
converge.

2. The functions [|-||, tr, and det are all continuous with respect to the metric topology: ||-|| by
definition, and tr and det because they are polynomial in the coefficients so can be viewed as
polynomial maps C* — C.

3. In GL(2,C), the map A — A~! is continuous (it is polynomial in the entries) and A,B,, — AB
for (A,,), (B,,) sequences (because it converges componentwise); thus GL(2, C) is a topological
group with respect to the metric.

2.2 The norm

Recall that we may identify M and PSL(2, C).

2.2.1 Lemma. Letg € G, and let A, B € SL(2, C) be representatives of g in PSL(2, C). Then
1. [|All = [IBll;
2. t* A=tr’B.
Of course, tr A is not well-defined!

Proof. Note, for A € GL(2,C) we have det(1A) = A2A. If A and B are equivalent matrices in
PSL(2,C) then AA = B;butdetA = 1 = detB,so 1> = 1 and 1 = +1. Thus either A = B (in

which case ||A|| = ||B|| and tr* A = tr® B trivially) or A = —B (in which case ||A|| = ||B]| since
the norm depends on absolute values of components only, and tr* A = tr? B since (A;; + Ay)?* =
(A — An)?). h=

In this section, we study the first of these invariants (the norm). It turns out that the trace squared
is a more useful invariant, as it will allow us to detect global geometric properties of the group ele-
ments. We shall study it in the next section.

Recall that GM(2) and hence M acts naturally on R3 and H3. It will be convenient to describe the
geometry of this action in terms of the quaternions.

2.2.2 Definition. The quaternion algebra is the algebra H generated by the set {1,1,j,k} over R
with the relations i = j2 = k? = ijk = —1. The congugate q of ¢ = x1 + yi + uj+ vk is defined to be
x1—yi—uj—vk. We identify the complex numbers with the image of the injection x + yi = x1+ yi.
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Note, if z = x + yi and w = u + vi then z + wj = x + yi + uj + wk. We shall write this as z + wj
to emphasise that z and w are possibly not real. This gives us the useful laws

(21 + w1 )22+ W,)) = (212 — W W) + (Zy Wy + w1 Z,)j,  jz =Zj, (z+w))z+w)) = |z|*+|w|’.

Identify C x R with a 3-dimensional subspace of H via the embedding (z,t) = (x + iy,t) —
x1+ yi + tj = tj; hence we can write

H3={z+4+tj:zeC,teR,,}CR3
oH? = C.
Now consider the action of M on H? via the Poincaré extension.

Z

2.2.3 Lemma. Suppose f € M is of the form f(z) =
then f : H®> — H? has the form

b .
g :d’ where we take a representative in SL(2, C);
CcZ

f(@) = (ag +b)(cqg +d)7L.

Proof. Recall (Proposition T2ZT4) that we may write f in the form

a ad—bc( d>_1
B .

f@=2 -2 E (242

The Poincaré extension of f will be a similar formula, but with the reflections in S(0,1) and y = 0
replaced.

Indeed, if ¢ € H? is of the form g = z + tj then the reflection in S(0,1) is q* = q/|q|2 =
(z+1j)/(|z]* + £2), and the reflection in y = 0 of g* is (Z + j)/(|z|* + ). Hence (assuming we have
chosen the coordinates a, b, ¢, d so the corresponding matrix is in SL(2, C))

fl@ =

a 1 z+dfc+tj
¢ Alzyd/c) + 12

with routine algebra, one can rearrange this to obtain that

(az + b)(cz + d) + act? + |ad — be|t j

fl@= =@z +t)+b)(cz+t)+d) .  n=z

lcz + d|2 + |c|2t2
We shall identify g and g from now on.
2.2.4 Example. A warning: consider the transformation g given by z — 1/z. With the obvious

. . 1 . : ; .
matrix representation A = [(1) ol note that using the lemma above we have that g(j) = j~! = —j.
Clearly this is nonsense, as we constructed the Poincaré extension such that preserved the sign of the
Jjth component. The issue of course is that det A = —1; to remedy this, we must multiply A through

0

by the constant (det A)~1/2 = —i to obtain the representative A’ = Bl] which does have the

correct determinant; then the lemma gives g(j) = (—=i)(—ij)~! = (—i)(=k)™! = —ik = j, as expected
(since the Poincaré extension of the circle inversion through the unit circle is the circle inversion
through the unit sphere, and j lies on this sphere).
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2.2.5 Example. Suppose g € M, represented by the matrix A = [Z Z] € SL(2, C), has the property
g(j) = j. Then
(aj+b)=j(cj+d)
=Cj2+dj
=dj-c
soa=dandb = —¢. In particular,

_ -1
g_|da —| _|d c¢|_ ..
e Pl R e B
and A € SU(2,0C).

Conversely, if A € SU(2,C) then A has the given form and thus, running the argument back-
wards, g fixes j.

2.2.6 Proposition. Ifg € M, then ||g||2 = 2 cosh p(j, g(j)).

Proof. Combine the formula
. bd+ac+]j
ld]” + |c]

from the previous lemma with the expression from Theorem T3, to obtain

|c

2

o 1 . bd+ac+]
cosp(j,g(j) =1+ E(Idl2 + el - |d|2—||zj
+|C
1 2 2 . g I
=14 ————— [l + lef* = 1] - bd — o
2(1d* + [e]*)
1 - 2
:1+-——z——f7<Pd+a4 +qm2+wVV—ZGﬂ2+Wf)+1%
2(/dI” + fel)

_ 2
noting that ‘bd + aE‘ +1=(la)*+ |b|2)(|c|2 + |d|2), we have

cos p(j,8(j) =1+ (Gl + 1b)el® + 1d1P) + (1dI® + [ = 2(1d)° + [e])

2(1dI” + el”)
_ 1 2 2 2 2
=1+ (Ja> +bI* +1dI* + |e* - 2)

= gl

as desired. NS

2.2.7 Theorem. Supposeg € Misrepresented by the matrix A = [Ccl Z

] € SL(2,C). Let f : H®> - B?
be the map of Eq. (C&). Then the following are equivalent:

1. A € SU(2,C),
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2. 8() =,

3. llgl* =2

4. fgf~1 €0(3), and

5. gisanisometry of (C,d) (where d is the chordal metric).

Proof. The equivalence of (1) and (2) is Example ZZZ3. The equivalence of (2) and (3) is Proposi-
tion ZZ2ZA.

Now (2) is equivalent to fgf~1(0) = 0, since f maps e,,; — 0. Hence by Lemma 21 we are
done.

Finally, recall the chordal metric is defined by

2||lx — i
1 +ZIIXI|)2)1/2(1 +[lyIh)!/2

d(x,y) =
— y = 0.
1+ |||l

Thus to show that g is an isometry is equivalent to showing that for all z € C,
|g'(@)| 1

1+[g@)[  1+z

Now we compute

|g’(z)‘ _|alez +d) — c(az + b))
2 2
1+ [g(2)| |cz+d|2(1+ az+b )
cz+d
|ad — bce|
2
|cz+d|2(1+ azth )
cz+d

_ 1
- 2 2
laz + b|”™ + |cz + d|

and so g is an isometry iff |az + b|2+|cz + d|2 =1+ |z|2 forall z € C. Expanding we find |az + b|2+
lcz + d|2 = (|a|2 + |c|2)|z|2 + (|b|2 + |d|2) + 2Re(ab + cd)z and comparing coefficients we have
ab +cd = 0 and |a|2 + |c|2 = |b|2 + |d|2 = 1; these equalities are equivalent to A* = A~!. This
shows the equivalence of (1) and (5). nZ

2.2.8 Corollary. The classical symmetry groups of the regular solids in B3 are precisely the finite sub-
groups of SU(2, C). A=

2.3 Fixed points and conjugacy classes

2.3.1 Lemma. A non-identity element of M has either one or two fixed points in C.

Proof. Fix a representative A € SL(2, C) for the transformation. Since we are working over C, A has
either one or two distinct eigenvalues. Thus we have three possibilities:
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« A ssingle eigenvalue with algebraic multiplicity 2 and geometric multiplicity 1: in this case, we
have a single fixed line in C? and thus a single fixed point in C.

« A single eigenvalue with algebraic multiplicity 2 and geometric multiplicity 2: in this case, we
have that every element of C? lies in this eigenspace, and A acts on C as the identity.

« Two distinct eigenvalues each with algebraic multiplicity 1 and geometric multiplicity 1: in
this case, we have a two distinct fixed lines in C? and thus two fixed points in C. A=

As a consequence of this we get a simple proof that M is sharply triply transitive: if f and g both
send (wy,w,,ws) ~ (z1,2,,23) then the composition fg~! has three fixed points and thus is the
identity.

We proceed to classify the elements of M according to their fixed points.

2.3.1 One fixed point
If f € M has a unique fixed point, it is called parabeolic.

2.3.2 Lemma. Every parabolic element f € M is conjugate to the translation z — z + 1.

Proof. Let z; be the fixed point of f, let z, be any other point, and let z; = f(z;). Let g be the
fractional linear map sending the triple (z;, z,, z3) = (00,0,1). Then fgf~! has a unique fixed point
at oo and maps 1 to 0. Recall that a fractional linear transformation fixing oo is of the form z — az+b,
and such a map sends 1 to 0 iff b = 1. Further,z = az+1 = (1—a)z = 1sosuch a transformation
has a finite fixed point iff a # 1. Thus fgf~! is the prototype translation. =

Since trace is conjugation invariant, we see that f € M is parabolic iff tr* f = 4.

2.3.3 Lemma. Ifg is parabolic with fixed point x € C, then there is a unique non-zero p € C such that
the matrix

L op|lo _ .
0 1]lfx_°°’

1+ px
p

2
—px* |,
1= px] ifx # o0
is a representative of g in SL(2, C).

The representative of Lemma 233 is the normal form of the element g.

Proof. If x = oo then g is of the form g(z) = az + b; since g has no finite fixed point we must have
1 b

0 1

may choose a unique representative matrix A € SL(2, C) with trace 2 (the two representatives have
b
d
given thatad = 1anda +d = 2we havea = d = 1 and f(z) = i so we may take p = c.

Conversely, suppose x # 0; then we may pick a unique p such thata = 1+ pxand b =1 — px
(namely, take p = (@ —1)/xand thenb =2 —a =2 — (1 + px) =1 — px). Thus

a = 1; and we may take A = . On the other hand, suppose x # 0. Since M ~ PSL(2,C) we

traces +2 respectively), say A = [g ] If x = 0 then f(0) = b/d so b = 0 and thus detA = ad,

1+ px b

1 =det A = det
1-—px

=1-p?x?—bc
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and so bc = —p?x?. Further, x is a fixed point of f and so
(1 + px)x+b)=(cx + (1 — px))x = (2p —c)x* = —b;

substituting we have (2p — c)cx? = p?x?, thus 0 = p? — 2pc + ¢? = (p — ¢)? and ¢ = p; this shows
b = —px? as required. =

2.3.2 Two fixed points
Consider the family € of maps €2 € M, indexed by k € C*, k # +1, defined by

ex2(2) := k?z.

Clearly each of these maps has exactly two fixed points, 0 and co. We call the value k? the multiplier
of €;2, and note that tr’ ¢z = (k + k=1)2.

2.3.4 Lemma. The map tr* sets up a 2-1 map from the space € to C \ {0, 4}, with preimages being of
the form {k?, k=2}.

Proof. Suppose t € C \ {0,4}. We wish to solve t?> = (k + k™!)? for k?. Rearranging, we obtain
0 = k* + (2 — t)k? + 1 which is a quadratic polynomial in k? with discriminant t* — 4¢2. This
polynomial in ¢ has solutions precisely when % € {0, 4} which are precisely the disallowed values;
thus each tr? comes from precisely two distinct values for k?: if one is k2, the other is k2. A=

By Lemma 34, conjugacy classes in € consist of at most two elements. Note that a given €2
has the property that, for all z € C¥,

0 |K¥<1
lim|e‘ z‘: k?)iz| =
t—oo kz( ) ‘( ) | (0] }kz‘ >1
and so the fixed points of each map consist of one attractive and one repelling point; given any ele-
ment €2, the element €2 has the same trace but swapped nature of the fixed points. This suggests
the following, which is too trivial even to be a lemma:

2.3.5 Observation. The maps €2 and e,-2 are congruent in M.

Proof. Take the obvious map swapping 0 and oo, namely z — 1/z. Conjugating by this map works.
N

If ‘k2| = 1, we call ¢;2 a rotation; if k2 € (0, 00) \ {1} then we call ¢ a dilation.

2.3.6 Lemma. The element ¢, is a rotation if and only if tr? ;2 € (0,4). The element ¢, is a dilation
ifand only if tr €2 € (4, ).

Proof. Note that |k2| = 1implies that tr? €32 = (k +k)? = 4(Re k)? and so tr’ ¢;2 € [0,4]; and we are
neglecting +1 so the endpoints of the interval are not attained. Similarly, k? € (0, c0) \ {1} implies
tr¥ ¢j2 = (k + k~1)? is a positive real number; if k # 0 then |k + k1| > 2 with equality exactly at
k = +1 (e.g. consider the local extrema of the hyperbola with equation y = x + 1/x).

For the converses, suppose (k + k~1)? € (0, o); in particular, k + k~! is real. Write k = a + bi;
then we have 0 = Im(k + k=!) = b — b/(|a|2 + |b|2) and either b = 0 or |k|2 =la)* + |b|2 = 1. Thus
if (k + k=1)? € (0, 0) then ¢, is either a rotation or a dilation. We then use the first direction to see
that if tr? €2 € (0,4) then ¢ is a rotation, otherwise we obtain a contradiction; and similarly for
the dilation case. e



22 CHAPTER 2. CLASSIFICATION OF FRACTIONAL LINEAR TRANSFORMATIONS

- : 5 .
Poravol o @W’f’hﬁ. 6"‘((‘/@( . L
Ao Leoic .&:u sl

Figure 2.1: The shapes of the orbits of the different types of fractional linear transformation.

In particular, we see that the classes of rotations and dilations are disjoint. (Of course we could
also see this by seeing that the map sending each ¢, to its unique conjugate, namely k? +— k=2,
preserves the classes.)

2.3.7 Definition. Let g € M have precisely two fixed points in C. We call g variously:
« elliptic, if g is conjugate to a rotation;
« hyperbolic, if g is conjugate to a dilation;
« strictly loxodromic, if g is neither elliptic nor hyperbolic.

The class of loxodromic elements is the union of the classes of hyperbolic and strictly loxodromic
elements.

We shall prove in a moment that every element with two distinct fixed points lies in one of these
classes. The four possibilities for the type of an element of M are therefore parabolic, elliptic, strictly
loxodromic, or hyperbolic. The names come from the shapes of the orbits; see Fig. P

2.3.8 Proposition. An g € M with two distinct fixed points in C is conjugate to precisely two transfor-
mations of the form €.

Proof. Let z; and z, be the two fixed points of g; pick any transformation f € M sending z; — 0 and
Z, — oo; the resulting map fgf~! fixes 0 and oo, hence is an element of €. Then Observation 233
shows that fgf~! has at least two elements of € in its conjugacy class, and Lemma 234 shows it has
at most two. =

In fact, the two conjugacy class representatives in ‘€ correspond to a choice of order of the fixed
points of g. In the case that g is loxodromic it is possible to distinguish the fixed points via their
flow properties; we shall always choose the representative with |k?| > 1, so that the attractive fixed
point is conjugated to co. If g is elliptic and k> # —1, we order the fixed points by choosing the
representative k? in the upper half-plane (that is, the representative such that k? = exp(if) with
0 < 6 < 7). If k? = 1 then the transformation z ~ 1/z swaps 0 <> co and commutes with —1, so we
cannot intrinsicly distinguish between the fixed points; if one of the fixed points is co we distinguish
that one, otherwise we will always choose k = i as the distinguished conjugate.

2.3.9 Corollary. Two elements f,g € M are conjugate if and only if tr* f = tr* g.
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Proof. One direction was Lemma ZZZT. It remains to show that tr? f = tr’ g implies f ~ g. If
tr? f = 4, this was the content of the previous section (parabolic elements form a conjugacy class of
M and are thus characterised by their tr?, which is 4). Otherwise, f and g have two fixed points. If
tr? f = tr® g, then both f and g are conjugate to the same element of € (since conjugacy classes of €
are precisely given by the value of tr?, by Observation 35 and Lemma P-34) and we are done. &=

We now turn to the problem of finding a normal form for the transformations with two fixed
points.

2.3.10 Lemma. Let g be a transformation with fixed points x and y; order the fixed points so that the
distinguished fixed point is y. Then the matrix

-1 _ _ -l
1 xk vk xy(k—k™) Xy # o
=y | k'=k  xk—yk!

[k—l y(k — k—1>]
4 X =0
0 k

[k x(k~! — k)]

y=00

0 k=1
is a representative for g in SL(2, C); this is the normal form of g.

Proof. Itsuffices tocheck that y is the distinguished fixed point of A in each case, and that g(0) = A0,
g(1) = A(1), and g(o0) = A(o0). These are routine calculations. N

The difference between hyperbolic and strongly loxodromic elements may also be described in
terms of invariant discs. We note that when we say disc we will always mean either the interior of a
Euclidean circle, or a half-plane.

2.3.11 Proposition. Let g be a loxodromic element. Then g is hyperbolic iff there is an open disc D in
C left invariant by g; otherwise g is strongly loxodromic.

Proof. Suppose g is hyperbolic; conjugate g via f to some element z — A2z with 2> > 1. This element
fixes the upper half-plane of C, and so g fixes the inverse image of this half-plane under f (which is
the interior of a circle). Conversely, if g is conjugate to some element z — r exp(i6)z with 6 # 0 then
this conjugate fixes no Euclidean disc (discs centred at 0 are mapped to strictly larger discs, and discs
not centred at 0 are rotated off themselves) and no half-space (either the boundary line is rotated off
itself, or the half-spaces bounded by it are exchanged if the line passes through O and 6 = 7). &=

2.3.3 The trace of an element
We now have the necessary results to completely classify the conjugacy classes of M.
2.3.12 Proposition. Let g € M be an arbitrary element. Then:

« tr’(g) is real and lies in [0,4) if and only if g is elliptic;

« tr’(g) = 4 ifand only if f is parabolic or the identity;

« tr’(g) is real and lies in (4, 00) if and only if g is hyperbolic;

« tr’(g) does not lie in the segment [0,4] if and only if g is loxodromic.

Proof. Compute with the normal forms and use that tr? is invariant under conjugacy. A=
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We also give an alternative classification.

2.3.13 Proposition. Let g € M be an arbitrary non-identity element. Then g has at least one fixed
point in H3 = H3 U C; in the following we consider the action of g on this set.

. giselliptic <= g has a fixed pointin H> <= g has infinitely many fixed points <= the fixed
points of g are precisely the points of the closure of a hyperbolic line (called the axis of g).

« gisparabolic < g is not elliptic, and has exactly one fixed point in C.
« gisloxodromic < g is neither elliptic nor parabolic < g has exactly two fixed points.

Remark. We take these to be the definition of the adjectives parabolic/loxodromic/elliptic when we
consider groups of isometries of H" for n > 2. Note that while some of these conditions are almost
trivial when we consider g € M, in the general case they are not (e.g. in general, elements might
have more than two fixed points on dH?3). Compare [B34, section IV.C] and [6, definition 4.3.2].

Proof of Proposition Z313. « Suppose g is elliptic; let it act on the half-space model of H3, and
conjugate to the element z — k?z for ’kz’ = 1. Then the Poincaré extension of g clearly has as
fixed points exactly those points on the line x; = x, = 0. This shows both that g has a fixed
point in H3, and that it has infinitely many fixed points altogether, on a hyperbolic line.

Now suppose g has infinitely many fixed points; since it has only two fixed points on C, it must
have at least one fixed point in H? (here we use the deep result that co > 2).

Finally, we show that having a fixed point in H> implies both having infinitely many fixed
points and being elliptic. Consider the action of g on the ball model of H3, conjugated so that
the fixed point in H? is 0. By Lemma 41, g € O(3). The fixed points of g are the points x € B>
such that gx = 1x, i.e. the nullspace of (1 — g). This is a Euclidean subspace, in fact it must be
a line through the origin (it has either 1 or 2 intersection points with B3 and every flat has at
least 2 such intersection points if it has any); in particular, g fixes pointwise a hyperbolic line.
The orbits of B3 are latitudes with respect to this axis, and in particular g is an element with
two fixed points which are not attractive or repelling; thus g is elliptic.

« Suppose g is parabolic; then g has not elliptic and has exactly one fixed point in C by definition.
Conversely, suppose g is not elliptic; then g is either loxodromic or parabolic by definition, and
if it has exactly one fixed point in C then it must be parabolic.

« The equivalence g loxodromic <= g is neither elliptic nor parabolic is by consideration of
the trace, as above. Suppose g has exactly two fixed points; note that g cannot have any fixed
points in H3, for then it would fix an entire hyperbolic line (as in the elliptic case) and so g has
exactly two fixed points in C. Since it is not elliptic, it must be loxodromic. Conversely, if g is
loxodromic then, in particular, it is not elliptic, so it does not fix any points of H 3_and thus has
exactly two fixed points.

NS

A stronger version of Proposition Z3T1. Recall that we use disc to mean a Euclidean disc (i.e.
interior or exterior of a circle) or a half-plane in C.

2.3.14 Proposition. An element g € M leaves a disc invariant iff tr* g > 0.

Proof. Suppose tr’g > 0. By Proposition Z312, we have that g is one of the identity, elliptic,
parabolic, or hyperbolic. Clearly the identity fixes a disc. Parabolic transformations are conjugate
to z — z + 1, which fixes the upper half-plane (in fact, any half-plane bounded by a horizontal line).
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Elliptic transformations are conjugate to z + k?z for 'kz) = 1, every transformation of this type fixes
the unit disc (in fact, any disc about 0). Hyperbolic transformations are conjugate to z +— k?z for
k? € R, which fixes the upper half-plane (in fact, any half-plane bounded by a line through 0).
Conversely, suppose tr’ g ¢ [0, 0). Then g is strictly loxodromic, and we proved this case as
Proposition 23T nZ

In fact, note that if g € M has tr’ g > 0 and if z, € C is not a fixed point of g, then conjugating
g to be of a regular form (either z — z + 1 or z — k?z) sends z, to a point distinct from co and 0;
in particular, there exists a disc bounded by a circle S through z, such that the interior and exterior
discs of S are left invariant by g.

2.4 Commutators and fixed points

In this section, we shall study the behaviour of pairs of elements g, h € M which share a fixed point
in € (Lemma ZZ2) or in H? (Theorem ZZ-7). See [6, pp. 68-74], as well as [34, p. 1.D].

Let G be a group acting on some set X. For g € G, write Fixy g for the set of all x € X such
that gx = x. Recall also that the commutator of g,h € G is the element [g, h] := ghgh™'h™!
(so[g,h] =1 <= gh = hg). Note that if g,h € M have representatives A,B € SL(2,C) then
[g, h] = [A, B] (so the commutator is independent of the choice of matrix representatives).

2.4.1 Lemma. Ifg, h € M act on C, then g and h have a common fixed point iff tr[g, h] = 2.

Proof. Suppose g, h have a common fixed point, x; let f € M send x — oo0. Conjugation leaves trace
invariant, so it suffices to check that tr[gf Jhf ] = 2; if some element A € PSL(2, C) fixes oo, then the
lower-left entry of A is zero. A simple computation shows that if A and B are two matrices with this
property, then ABA~!B~! has trace 2.

Conversely, suppose g and & have tr[g, h] = 2; we may assume that g fixes oo, and so the matrix

b and B =

representatives for g and h are respectively A = [g d

z %] Using that A, B € SL(2,C)

we have
2 = tr[A, B] = b*u® — bu(a — d)(v — x) + 2vx — (a? + d>)uy;

in the case that g is parabolic, by Lemma Z33we havea =d = 1and b # 0, so
2 = b%u? + 2vx — 2uy = b%u? +2
so b?u? = 0and u = 0, so h fixes co. On the other hand, if g is not parabolic we may conjugate again
to ensure that the second fixed point of g is 0, and so by Lemma PZ3T0 we have b = 0 and a # d. In
particular, using vx —uy =1,
2=20x—(a®>+d)Huy =2+ 2uy — (a®> + d>uy = 0= (a? —2ad + d?) = uy = (a — d)*uy;
since a # d, uy = 0 and so either u = 0 and h(c0) = o0, or y = 0 and h(0) = 0. N
2.4.2 Lemma. Ifg, h € M are nontrivial and have a common fixed point in C, then either
1. [g,h] = 1 and Fixg = Fix h; or

2. [g, h] is parabolic and Fix g # Fix h.
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Proof. Again, if g and h have a common fixed point we may conjugate (which preserves the commu-
tator and the type of the transformation) so that oo is a common fixed point. Note that tr[g, h] = 2
by Lemma 2, so either [g, h] = 1 or [g, h] is parabolic; a computation shows that

[ M e

so[g,h] =1liff bv+ay—bx—dy = 0iff b(v—x) = y(a—d): ifa = d, then b = 0 and by the normal
forms if b = 0 then either g is parabolic (if a # d) or the identity (if a = d); neither of these cases are
possible here, so we must have a # d so g has two fixed points. Conjugate again so that g has fixed
points at 0 and oo, then we have

e ok )

and thus, since this is the identity matrix and a # d, y = 0 so h has fixed points at 0 and co.
Conversely, suppose the fixed points of g and h differ, conjugating the fixed points of g to 0 and
oo and computing the commutator as above shows that [g, h] # 1. =

2.4.3 Theorem. Let g, h € M be nontrivial. The following are equivalent:
1. [g,h] = 1 (g and h commute);
2. g(Fixg h) = Fixg h and h(Fixe g) = Fixe g;
3. Either:
(a) Fixg h = Fixg g, or
(b) g and h have a common fixed point in H3, no common fixed point in C, and the relations
g2 = h? = (gh)? = 1 hold;
4. Either:

(a) Fixg h = Fixg g, or
(b) g and h are elliptic of order 2, and each exchanges the fixed points of the other.

Proof.

(1) = (2). Suppose gh = hg. Let x € Fixg h, then gx = ghx = hgx, so gx € Fixg h; hence
g(Fixg h) C Fixg h. Converse inclusion is easy (consider g™1).

(2) = (3). Suppose the closure properties of (2) hold, and that Fixg h # Fixg g. Pick some
x € Fixg g \ Fixg h. Then x, hx, h?x € Fix g since the latter is closed under left-multiplication
by h. These cannot be distinct (h has at most two fixed points), and hx # x (by assumption)
so x = h?x. In particular, g has exactly two fixed points (h and hx) which are exchanged by h.
Conjugating, we may assume the fixed points of g are 0 and o, so gz = az (a € C); since h
exchanges 0 and oo, we have hz = b/z (b € C). Then, for z € C, hzz = z and (gh)?z = z. This
gives the relations. Finally, note that g and & both fix the point |b| j (by direct substitution into

Lemma Z°23: note that the correct form for gis g — ( o7 /2 q)—— etc.).

| |1/2
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(3) = (4). Suppose g and h have acommon fixed pointin H3, in particular by Proposition 2313
both are elliptic. Suppose x is a fixed point of g, then ghx = h?’ghx = hgx = hx (since
ghgh =1 < hgh = g) and hx is the other fixed point; this shows the exchange property.

(4) = (1). If Fixg h = Fixg g then Lemma 2472 allows us to conclude that gh = hg. On the
other hand, suppose g and h are elliptic of order 2, and each exchanges the fixed points of the
other. By conjugation, we may assume g(z) = k?z for some k € C; this uses 2-transitivity. Using
the further rigidity condition of 3-transitivity, conjugate one of the fixed points of & to 1; so h
interchanges 0 and oo and fixes 1, so h(z) = 1/z. The other fixed point of & is —1, so g exchanges
+1,i.e. k> = —1. Hence f(z) = 1/z and g(z) = —z, and these transformations commute.

NS

These two theorems essentially complete the study of common fixed points in C. We now move
to the technically harder study of common fixed points in H3.

Recall the notion of the axis of an elliptic element from Proposition Z3T3. We write A, for the
axis of an elliptic element g. Note that g, h € G have a common fixed point in H* iff A,n Ay, NH? # @;
this is equivalent to requiring the fixed points of g and & to lie on some circle Q, and to separate each
other on Q (picture).

2.4.4 Lemma. Ifg, h,gh are all elliptic, then the fixed points of g and h in C are concyclic. Further, if
[g, h] is either elliptic or 1, then Ay and Ay, intersect in H3.

Proof. We split into two cases: that g and h have a common fixed point in €, and that they do not.

g and h have a common fixed point. In this case, Fixg g UFix¢ h has at most three points, so de-
termines a circle — this proves concyclicity. Now suppose [g, h] is either elliptic or 1. Considering the
cases in the conclusion of Lemma 7272, we must actually have that [g, h] = 1 (as two noncommut-
ing elements with common fixed points must have a parabolic commutator and this is not possible
here by assumption) and so the fixed points of g and h coincide; hence the axes coincide (and have
infinitely many points of intersection).

g and h have no common fixed point. For the second case, assume g and h have no common
fixed points, and conjugate the fixed points of g to 0 and co; thus we have g(z) = k?z for some

Z € SL(2,C). By direct
computation, tr* h = (a + d)? and tr’(gh) = (ka + kd)?; each of these elements lies in [0,4), so
A=a+dand u = ka+kdliein (-2,2). Wehaved = % and a = d. Write a = u + iv. Using this,

k? € C\ {1} with }kZ} = 1. Pick a matrix representative for h, say [Ccl

we compute that the fixed points of h are
(2.4.5) ¢, & = é (v+ (1 —ud)/?);

since |a + d| < 2, we have u? = i(a +d)? < 1and so ¢ and £ are both on the line L generated by i /c.
Suppose now that [g, k] is elliptic or 1; we have 0 < tr®[g, h] < 4, and a further computation gives

2
tr’[g, h] = 4(1 + (|a|2 - l)sin2 6) where 6 = argk, so |a|2 —1<0.Ifla] =1thenu?+v* =1

so v + (1 — u?)'/2 takes on the value zero; this contradicts the assumption that g, h have no common
fixed points and so |a| < 1. i.e. (1 — u2)!/2 > v. From Eq. (FZ23) above, we may write ¢ = is/c and
& = it/cfors,t € R and one of s and ¢ is negative; hence the two fixed points of & lie on opposite
sides of 0 on the line L, so separate the fixed points of g, and therefore Aj, and A, intersect. =
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We now apply Lemma 224 to the study of subgroups of M generated by two elliptic elements.

2.4.6 Lemma. Let g,h € GM(3) be nontrivial elements of M acting B3, fixing the origin (so every
nontrivial element of (g, h) is elliptic). Then either

« the elements of (g, h) have the same axis and the same fixed points, or
* thereis some f € (g, h) such that Ag, Ap, Ay are not coplanar.

Proof. By assumption, the axes A, and Ay, are diameters of Bs; assume A, # Ag, so A, and A,
determine a Euclidean plane P. Let D denote the (unique) diameter of B3 orthogonal to P. If h(Ag)
does not lie in P, then f = hgh™! has the property that Ay = h(A,); similarly, if g(A),) does not lie
in P, then take f = ghg~!. Assume therefore that g(4;) and h(Ag) both lie in P. This shows that g
and h preserve P, and so act as reflections across it; they therefore exchange the endpoints of D and
so f = gh has axis D. =

2.4.7 Theorem. Let G < M. The elements of G have a common fixed point in H? iff all the non-identity
elements of G are elliptic.

Proof. 1t is trivial that if all the nontrivial elements of G have a shared fixed point in H? then they
are elliptic. The converse is slightly harder. Suppose every nontrivial element of G is elliptic; we
may assume that G contains two elements g, h such that A, # Aj (otherwise all the elements fix a
common axis and have infinitely many shared fixed points). By Lemma X4, g and h have a common
fixed point in H3; let G act on B3 and by conjugation send this common fixed point to 0. Note that
the hypotheses of Lemma IZZ8 hold, and by assumption we are the second case of the conclusions:
there is some f* € (g, h) such that Ay, Aj,, Ay are not coplanar; and since every element of (g, h) fixes
0, all of Ag,Ap, Ap are Euclidean diameters of B>.

Pick any nontrivial ¢ € G. By Lemma ZZ4, the fixed points of g and g in € are concyclic; let I,
be the Euclidean plane containing this circle. Since TI, contains the endpoints of A, and is a plane,
Ay C Ig; similarly, IT, contains Ag and hence 0. Define similar planes I, and I, s0 0 € II,NIT,NIL;
anqu c Hg N Hh N Hf

Note that g, [Ty, I are distinct, otherwise Ag, Ap, Af would be colinear. Hence the intersection
[y N T N 11y is O- or 1-dimensional, so is either 0 or A,. In particular, 0 € A and so g(0) = 0: 0 is
a shared fixed point of G. =

2.4.8 Corollary. IfG < M is finite, then the elements of G have a common fixed point in H3.

Proof. If G is finite, each element g € G has finite order and so is elliptic; apply Theorem 274, =



Chapter 3

Kleinian groups

3.1 Discontinuous actions and the ordinary set

Fix a topological space X and let G be a group acting on X via homeomorphisms.
We say that the action is:

« freely discontinuous (or properly discontinuous, or a covering space action) on X if, for
every x € X, there exists a neighbourhood U > x (called a nice neighbourhood) such that
gUNU = @ forall g € G nontrivial.

« proper if the continuous map ® : G X X — X x X defined by ©(g, x) = (x, gx) is proper.

« openly discontinuous if for every x,y € X there exist neighbourhoods U of x and V of y
such that U n gV = @ for all but finitely many g € G;

- weakly discontinuous if for every x € X there exists a weakly nice neighbourhood U of
x such that U n gU = @ for all but finitely many g € G;

« compactly discontinuous if for every K C X compact, K N gK = @ for all but finitely many
g € G. If K C X is compact, define G := {g € G : K n gK # @}; then compact discontinuity
of the action is equivalent to |Gg| < oo for all K compact.

We write °Q(G) for the largest subspace of X on which the restriction of the group action is freely
discontinuous (the free regular set), and we write Q(G) for the largest subspace of X on which the
restriction of the group action is weakly discontinuous (the regular set). It is easy to see that both
of these subspaces are open in X. If the group G is understood from context, we shall merely write
°Qand Q.

The first set of relationships between the different concepts of discontinuity is as follows:

3.1.1 Theorem. Let X be a topological space, and let G be a group acting on X by homeomorphisms.

29
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Then we have the following relationships:

The action is freely discontinuous X /G is Hausdorff

/

and
( ) X Hausdorff and locally compact

G discrete [85, prp. 12.24]

[B3, prp. 12.25] X Hausdorff
Lo [63, prp. 12.23] . .
The action is proper K compact implies Gx compact
. G discrete
X Haus@rﬂ and_ locally compact X Hausdorff and locally compact G discrete
[B3, exercise 12.20] [, exercise 12.20]

The action is openly discontinuous The action is compactly discontinuous

The action is weakly discontinuous

Proof. References are given in the diagram, except for (1) the equivalence of ‘K compact implies Gg’
and ‘compactly discontinuous’ when G is discrete — this is immediate from the fact that compact
subspaces of a discrete space are exactly the finite subspaces — and (2) the implication from ‘openly
discontinuous’ to ‘weakly discontinuous’ which follows when x = y and the neighbourhood of the
definition is taken tobe U N V. =

We now reduce to the cases of interest: subgroups of M acting on C and H>. Both of these spaces
are Hausdorff and locally compact. We will also often restrict ourselves to the case that G is discrete;
with this setup, the notions of openly, and compactly discontinuous actions are equivalent and if the
action has these properties then we say the action is discontinuous. It will follow from Proposi-
tion B4 below that, in the case of M acting on C, this is also equivalent to weak discontinuity.

We start with the action on H3; the characterisation is easy:

3.1.2 Theorem. A subgroup G < M is discrete iff it acts discontinuously in H>.
We shall need a lemma.

3.1.3 Lemma. Discrete subgroups of SL(2, C) are countable. In fact, G < SL(2, C) is discrete iff for all
k €N, theset G, ={A € G : ||A|| < k}is finite.

Proof. Clearly the countability statement follows from the second statement: G = | J en Ok soisa
countable union of finite sets.

If each G is finite, then G cannot have any limit points as ||-|| is continuous. Conversely, if some
Gy is infinite then pick some sequence of distinct elements (4,) C Gy; if we write (4,);; for the
coordinates of A,,, note that ||(An)i ]H < k for all i, j and so (since [—k, k] is compact) there exists a
convergent subsequence of the (4,,), say converging to some A € End(2, C). Since det is continuous,
we actually have A € SL(2, C); hence G has a limit point as a subspace of SL(2, C). NS

Proof of Theorem BI2. Suppose G is discrete. By Lemma B3, G is countable (it is a homomorphic
image of SL(2, C)), say {g;,...}. By discreteness, ||g;|| — oo. Now use Proposition IZA to see that
0(j,8,(j)) = o0 asn — co. Now note that a compact subset K C H? lies in a hyperbolic ball B around
Jj (indeed, one can show that hyperbolic balls in the half-plane model are Euclidean balls, though of
different centre and radius), say of radius k. If gK N K # @, then gB N B # @ and so p(j, g(j)) < 2k.
Since this quantity tends to oo, there can be only finitely many g such that gk N K # @. This shows
discontinuity.
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If G is not discrete, pick distinct matrices Ay, A,,... € SL(2,C) such that the images g;,... € G
converge to 1. Note then that g,(x) — x as n — oo for all x € H?; in particular, the orbit Gx has
a limit point in H3, which implies G cannot act discontinuously (a limit point must be contained in
infinitely many translates of a neighbourhood of x). a=

The theory is richer in the case of an action on C.

3.1.4 Proposition. Ifthe action of G < M on a G-invariant space X C € is weakly discontinuous, then
it is in fact openly discontinuous.

Proof. Let x,y € X; using weak discontinuity, find weakly nice neighbourhoods U 5 x and V' 3 y;
without loss of generality, assume U and V are open discs centred at x and y respectively. There are
at most finitely many translates of x in V' (since V is a weakly nice neighbourhood of each gx lying
in V); we may therefore shrink V' such that no translate of x lies in V.

Suppose there exists a sequence (g;) C G such that g;V N U # @ for all i. Note that g;V' ng;V # ¢
implies that V N gi‘1 g;V # ¥; by weak discontinuity, there are only finitely many pairs i, j such that
g;V intersects g;V. Since all of these translates are subspaces of the 2-sphere €, we must have that the
spherical diameter (i.e. the diameter obtained by pulling back the chordal metric as in Eq. (23))
diamg;V — 0asi — oo. In particular, the sequence of images of y must have an accumulation
point on the boundary of U. But the translates of y by the g; in X cannot have any accumulation
points — if they accumulated near some point z € X, then that point could not have a weakly
nice neighbourhood. We may therefore conclude that there are only finitely many g € G such that
gvnU#4. L=

Proposition BT4, combined with Theorem BT, gives the following pair of corollaries:
3.1.5 Corollary. Let G < M act on C. Then the orbit space °Q(G) /G is Hausdorff. A=

3.1.6 Corollary. If G < M is discrete and has freely discontinuous action on some X C C, then it is
discontinuous on X. NS

We call a discrete subgroup G < M a Kleinian group. If °Q(G) = @, we say that G is of the first

kind; otherwise, we say G is of the second kind. If z € H3is a fixed point of a parabolic element of
G, we say that z is a cusp of G; if z is a fixed point of an elliptic, loxodromic, or hyperbolic element
we say that z is variously an elliptic point, a loxodromic point, or a hyperbolic point of G.

Remark. Note thatin [B4], a Kleinian group is our Kleinian group of the second kind; in [G], a Kleinian
group is a discrete subgroup G < M where Q(G) # @. We shall prove later (Corollary B376) that
QG) # 0 < °Q(G) # @ for such G, and so this also corresponds to a Kleinian group of the second
kind. Significant historical notes may be found in [B8, §5.6].

3.1.7 Proposition. If G < M is an arbitrary subgroup with Q(G) # @, then G is discrete (hence
Kleinian).

Proof. Suppose G is not discrete; then there is a sequence (g;) of elements of G such that g; — 1.
Then, for all z € C, g;(z) — z; so z is an accumulation point of the orbit Gz. Hence either gz = z
for infinitely many g € G, or every neighbourhood of z contains infinitely many translates of z. In
either case, every neighbourhood of z has the property that U n gU # @ for infinitely many g, and so
z & Q(G). In particular, Q(G) = @. NS

This proposition, as well as the proof of Proposition BT-4 above, suggests that it will be profitable
to study the limit points of orbits of Kleinian groups G. We do this in the next section, but first we
give some examples.
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3.1.8 Example (Dihedral groups). The dihedral groups are precisely the noncyclic finite Kleinian
groups with a cyclic normal subgroup. If v > 2 is an integer, let H be the cyclic subgroup generated
by the rotation z — exp(27i/v)z, and let G = (H, b) where b is complex inversion. Note that b
normalises H: (exp(2mim/v)z)~! = exp(—2mim/v)z~!,so bH = Hb. Conclude that H is a subgroup
of index 2 in G, so |G| = 2v. Observe also that G ~ D,,,.

3.1.9 Example (Symmetry groups of regular solids). We saw above (Corollary 2R) that the orientation-
preserving halves of the symmetry groups of the regular solids are finite Kleinian groups.

Remark. One may show (see [34, Theorem C.10]) that the nontrivial finite Kleinian groups may be
classified as follows: such a group is cyclic, dihedral, or conjugate in M to the symmetry group of a
regular solid.

3.1.10 Example (Bianchi groups). Suppose R is a discrete subring of C. Then PSL(2, R) is a discrete
subgroup of PSL(2, C): indeed, if A,, — I then each component tends to a value in R, contradicting
the lack of limit points. Let O, for d € Z., squarefree be the ring of integers of the quadratic imagi-

nary number field Q(y —d) (recall, the ring of an integers of a number field F is the integral closure
of Z in F). The groups PSL(2, 0,) are the Bianchi groups.
Note that Oy is generated by the two elements 1 and ¢, where

\/—_d d=+1 (mod 4),
Sa= ﬁ d=2 (mod 4).

Hence the translations z — z + 1 and z — z + {;; are elements of PSL(2, O,), and so Bianchi groups
always have a cusp at oo.

3.1.11 Example (Coxeter groups). If P C H? is a convex acute-angled polyhedron, with dihedral
angles submultiples of 7z, the Coxeter group generated by reflections in the faces of P is discrete; the
index-2 subgroup of orientation-preserving elements is therefore a Kleinian group.

3.1.12 Example (Modular groups). The modular groups are SL(2, Z) and its subgroups of finite
index; see [B6, Chapter 4]. We have that SL(2, Z) is generated by two elements,

1 1 0 -1
further:

« The elliptic points of SL(2, Z) in C are the orbits of i and exp(ri/3);
« The cusps of SL(2, Z) in € are Q U {oo}.

3.1.13 Example. Define X,Y, € SL(2,C) by

11
X‘[o 1

1 0

’ Ya=l4 1

k]

and let G = (X,Y,). The isometric circles of Y, and Y;l are [4z + 1| = 1and |4z — 1| = 1. Consider
the set
F={z=x4+yieC:-1/2<x<1/2,|4z+1| > 1,|4z — 1| > 1} U {o0}
depicted in Fig. Bl. The cusp points of G are (the translates of) 0, c0,1/2, —1/2 (corresponding to
the elliptic elements Yy, X, X Y;l, and (X Y;l)_l); notice these correspond to the ‘cusps’ visible on
the diagram of F.
One may also observe also that F has the following properties (where Q = Q(G)):
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-Vq_ % % '/Z

Figure 3.1: The set F of Example BT 13.

1. F is an open subset of Q;
2. The members of {gF : g € G} are mutually disjoint;
3. For every z € Q, there is some g € G with g(z) € F;

4. The intersection 0F N Q consists of a countable (in fact, finite) number of curves, and for each
such curve s there is another such curve s’ (not necessarily distinct from s) such that g(s) = s’
for some s € S’.

We shall prove most of these statements in the following sections (we will see that F is a fundamen-
tal domain for G).

3.2 Some more results on isometric circles

Fix some G < M be Kleinian; in this section we will prove some more results about the isometric
circle of elements g € G, as preparation for our study of limit points. Recall that the isometric circle
of g is the unique circle S C € such that gty : S — g(S) is an isometry.

‘We now collect some easy results, and some other results which follow directly from earlier re-
sults. Note that the factorisation result is proved as part of the proof of Corollary I23.

3.2.1 Lemma. If [ccl Z] € SL(2, C) is a representative for g € G, then the isometric circle S of g is the

set

lcz+d| =1,
with centre g7'(c0) = —d/c and radius c‘l’. Further, g factorises as g = soroq, where q is circle
inversion in S and both r and s are Euclidean motions (distance-preserving affine maps). =

Let u(X) denote the spherical area of a set X C C (defined similarly to the chordal metric, via
the pullback of the spherical area on S? via stereographic projection: compare Eq. (IZZ9) and the
preceeding discussion).

3.2.2 Lemma. Let U be a nice neighbourhood of some z € °Q. Then

D u(gl) < co.
geiG

Proof. The gU are all disjoint, and u(S?) < 0. A
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Figure 3.2: Figure for Lemma B723.

Remark. From this lemma, we obtain another proof of Lemma BT3: it is well-known that if (x;),ec4
is a family of nonnegative real numbers, then 3] ea Xa < oo onlyifx, = 0forall but countably many
a; in the lemma, all the u(gU) are positive and so the index set G is countable.

For the following lemma and theorem, let diam S for S C € denote the Euclidean diameter (i.e.
Supx,yes |x - yl)'

3.2.3 Lemma. Let g € M not fix co, and let T be a closed set not containing o« := g~'(c0). Let § =
d(a,T), and let p be the radius of the isometric circle of g. Then

diam(gT) < 20?/8,

andifoo €T then
p?/8 < diam(gT).

Proof. See Fig. B2. Since T is closed, d(«,T) > 0. Now note that T lies outside the (open) ball
centred at « of radius §; the circle C := S(a, §) is sent by g to a circle gC of radius p? /8, since the only
component of g which changes the radius of circles is the reflection across the isometric circle, which
is centred at o (Lemma BZZT). Note now that g sends the exterior of C (i.e. the connected component
of C \ C containing o) to the interior of the circle gC (the connected component of C \ gC not
containing oo). In particular, gT C gC, so diam(gT) < diam(gC) = 20%/3.

If o € T then g(oo) (the centre of gC) lies in gT’; on the other hand, since T is closed there is a
point ¢ € T such that d(¢,) = 6 and so gt € gC; hence diam(gT) > |gt — g(c0)| = 02/8. =

3.2.4 Theorem. Ifoo € °Q, then

> et <o

geG\1
(where c denotes the bottom-left entry of an arbitrary matrix representative of g).
Proof. See Fig. B3. Let U be a nice neighbourhood of oo; without loss of generality, U = S(co, p).
Suppose g € G is nontrivial; since 0 € °Q, g(o0) # oo and so g has an isometric circle C, say
S(a, |c|_1). Since U is a nice neighbourhood, a ¢ U (otherwise g(a) = o0, s0 oo € gU N U). By

increasing p to p’ if necessary, we may assume & = d(a, U) > 0. Note that § < p < p’; hence by
applying Lemma BZ3 we have

diam(gU) > |c|72/8 > |2 /0’ > |e| % /p.
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Figure 3.3: Figure for Theorem BZ4.

Since gU is a circular disc contained in C \ U (in particular, gU is bounded) and since stereographic
projection has bounded distortion there exists some K € R, such that u(gU) > K~! diam(gU)?. In
fact, K is dependent only on the bound for gU, and this bound — p — is independent of g. Observe
also that p is independent of g even though p’ was not. Thus:

> lel™ < Y p*diam(gU? < p?K Y u(gU);
geG\1 geG\1 geG\1

and we may apply Lemma E272 to complete the proof. =

3.2.5 Corollary. Let (g,) be a sequence of distinct elements of G, with co € °Q; for each n, let r,, be the
radius of the isometric circle of g,,. Thenr, — 0.

Proof. If g, has matrix representative with bottom-left entry c,, then note thatr,, = |cn|_1 for all n;
by Theorem B4, |cn|_4 — 0asn — oo and so |cn|_1 — 0 as well. e

3.2.6 Proposition. Let (g,) be a sequence of elements of G, and let x,y € C be such that g,(c0) — x
and g, (c0) — y. Let C, = S(w,,r,) be the isometric circle of g,, and let C!, = S(w},,r’) be the
isometric circle of gl,. Then

w, = X, w, =y, rp=r, —0.

a}’l n

Proof. Let A, = [c Z € SL(2,C) be a representative for g,, so g,! is represented by A,! =
n n

dn _bn
—Cn a

]; we have that g,(c0) = a,/c, — x and that g,'(c0) = —d,, /c, — y. Now note that C,,
is the locus of z € C such that |cnz + d,| = 1, i.e. the centre of C,, is the point w, with c,w, +d, =0
and then w, = —d,/c, — y; similarly, C), has centre the point w), with —c,w}, + a, = 0, i.e.
w), = a,/c, — x. Finally, the statement about the radii is a direct application of CorollaryB2[. =

3.3 Limit points

Let G < M be Kleinian. For fixed w € C, write A(w) for the set of points z € C such that there
exists a sequence (g,,) of distinct elements of G with g,w — z. (Note, we do not require the g,w to
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Figure 3.4: The proof of the compact convergence lemma, Lemma B3

be distinct.) A limit point of G is a point which lies in A(w) for some w € °Q; we denote by A the
set Uw con A(w); this is called the limit set of G.

3.3.1 Definition. Let X be a topological space, and (Y, d) a metric space. A sequence of functions
fn 1 X = Y (n € N)issaid to converge uniformly on compact subsets to some f : X — Y if for
allK C Y compact,

lim sup d(f,,(k), f(k)) = 0,

n=® kek

The following lemma is fundamental.

3.3.2Lemma. 1. Let x € A; then there exists y € A\, and a sequence (g,) of distinct elements of G,
such that the maps g,, : C — C converge uniformly to the constant function x on compact subsets

of C\ iy}

2. Further, if (g,) is an arbitrary sequence of distinct elements of G then there is a subsequence (g,)
and x,y € A such that g,, — x uniformly on compact subsets of C \ {y}.

Proof. Since x is a limit point, we may find a sequence (g,,) C G of distinct elements and an element
2z, € °Qsuch that g,,z, — x. By conjugation, we may assume z, = co. Since C is compact, there is a
subsequence (g,,) of (g,,,) such that the sequence g, !(co0) converges to some point y; by construction,
¥ € A. By Proposition BZZA, we have that the centres of the isometric circles of g, tend to x, the
centres of the isometric circles of g;;* tend to y, and the isometric circle radii tend to 0. Let K € C\ {y}
be compact; let N be sufficiently large that for all n > N, B(g;;*(c0), p,,) lies outside K (Fig. B4). Note
that for such n, the exterior of the isometric circle of g, is mapped to the interior of the isometric
circle of g;;1; hence gK lies in the interior of the isometric circle of g, !, which is B(g, (), p,,); thus
asn — oo, gK - lim,,_, o, g,(c0) = x uniformly.

For the second part of the lemma, choose (again by compactness) a subsequence (g,,,) such that
gm(o0) converges to some x € C and such that g,!(c0) converges to some y € C. By suitable
conjugations, we may assume oo € °(G) and so x,y € A. By a similar argument to the first part, we
see that for K C C \ {y} compact we have gK — lim,,_, , g,(c0) = x uniformly. =

3.3.3 Theorem. Let G be Kleinian of the second type. The set A may alternatively be characterised as:

1. The set A(z) of limit points, for any fixed z, € °Q;
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2. The set Ay, where A, is the set of non-elliptic points of G;
3. ThesetC\ Q.
We call this set the limit set of G.

Proof. 1. Fix z, € °Q arbitrary; clearly A(zy) C A. Suppose on the other hand that w € A; then
there is some z € °Q and some sequence (g,,) of distinct elements of G such that g,(z) — w;
by the proof of Lemma B3, there is a subsequence of the g, which converges uniformly to the
constant function w on compact subsets; in particular, the value of z, under this subsequence
tends to w and so w € A(z).

2. This is harder, we shall prove it later as Corollary B3

3. First, note that if x € A then every neighbourhood of x has infinitely many translates of some
point,so x € Q. ThusAnQ = 0.

Assume now that x ¢ Q; we show that x € A. For every neighbourhood U > x, there are
infinitely many g € G with gU n U # §. Hence by taking the neighbourhoods B(x, 1/m) for
m € N we can find a sequence (g,,,) of distinct elements of G and a sequence of points z,, € C
such that g,,z,, — x and z,, — x. By the proof of Lemma B3, we can find a subsequence
(g,) and limit points w, y such that g, — w uniformly on C \ {y}. If x = y, then x € A. If
X # y, then the points z,, do not accumulate at y, so we may use the convergence property
away from y to see g,z, — w,thusx = w € A.

N2

Remark. Compare (1) of the above theorem with [6, Theorem 5.3.9]: if we assume G is non-elementary
(see below) we may remove the requirement for z; to be a point of free discontinuity.

3.3.4Theorem. IfG is Kleinian of the second type, then the set A(G) is closed, G-invariant, and nowhere
dense in C. If G is Kleinian of the first type then A(G) = C so A(G) is closed, G-invariant, and dense in
C.

Proof. The statements about Kleinian groups of the first type are trivial, so let G be Kleinian of the
second type.

Closedness. Let (x,) be a sequence of points in A, with x, - x € C. By Lemma E32, or
equivalently the equality A = A(z,) of the above theorem, there exists a single point z, € C and
sequences of distinct elements g, , of G such that lim,,_,, g, ,(2¢) = x,, for all n. Without loss
of generality, the points {x,} and x are all distinct (otherwise, x,, is eventually equal to x and so
X € A). For all n, let §,, be the minimal distance from x,, to the other elements of the set {x,,}.
For all n, pick k(n) such that d(gk(n)x(20), X,) < 6,/2 (Fig. BE3); the effect of this constraint is to
make the gy, all distinct. Now note that lim,,_, o, gk(n),n(20) = X, since for all ¢ > 0 there exists
N € N such that d(x,,, gk(n)n(20)) < €/2 and d(x,, x) < e/2foralln > N.

G-invariantness. Let x € A, g € G. Pick z € C and (g,) distinct in G such that g,z — x; then
gognz — gx, as left-multiplication by g is continuous.

Nowhere dense. Recall, Y is nowhere dense in a topological space X if every non-empty open
subset V of X contains a non-empty open subset U of X with V n'Y = @. Here, if V C C is non-
empty then either V N A = @ (so we may take U = V), or V N A # @, in which case V' contains
points of °Q (by definition of A) and so U := °Q NV is non-empty and open, with the property
that UNnA =@ (since A=C\ Qand °Q C Q).
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Figure 3.5: The sequential limit of a sequence of limit points.

NS
Recall that a set S is perfect if every point of S is a limit point of S. It is standard that such sets
are uncountable.

3.3.5 Corollary. If A contains more two points, then A is perfect.

Proof. Suppose |A| > 3. Let x € A, then by Lemma B3 there exists a sequence (g,,) of distinct
elements of G and some y € A with g,(z) — x for all z # y. In particular, we may pick x;,x, € A
such that {y, x;, x,} are all distinct and such that g,,(x;) — xand g,,(x;) — x. Ifg,,(x;) = x = g,,(x5)
for some m, then x; = X,; thus for all m, either g,,(x;) or g,,(x,) is distinct from x. Thus at least
one of the sequences g,,(x;) has an infinite subsequence of distinct limit points of A (here we use
G-invariantness) tending to x. =

We say that G is elementary if the action of G on H? has a finite orbit; otherwise, we say G is
non-elementary. If G is elementary, then we variously say that:

« G is of elliptic type if G has a finite orbit in H3;

+ G is of parabolic type if G has a fixed point in dH? and no other finite orbits in H3;
« G is of loxodromic type if it is neither of elliptic type nor of parabolic type.
Compare with Proposition ZZ313.
3.3.6 Lemma. IfG is elementary Kleinian of elliptic type, then G fixes a point in H>.

Proof. Let{xy,...,x,} be afinite orbit of G in H3. If g € G, then the powers g"(x;) for m € N cannot
be all distinct, so there is some m with g”(x;) = x;. In particular, g has a fixed point in H3, so g"
is elliptic. Now observe that if g is elliptic then g is elliptic: indeed, g" is conjugate to z +— k?z
with ‘kz‘ = 1, so g is conjugate to z — k?/mz where |k2/m‘ = 11/m = 1. Thus each element of G is
elliptic and by Theorem 242 G has a fixed point in H>. =

3.3.7 Lemma. Discrete subgroups of O(3) are finite.
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Proof. Tt suffices to note that O(3) is compact: if A € O(3) then the columns of A are orthonormal

and so ||A||2 =1+4+1+1=3(so0(3)is bounded), and AA' = 1, so A is cut out by polynomials in its
entries and is closed. Az

3.3.8 Lemma. A Kleinian group is finite iff every element has finite order.

Proof. Every element of a finite group has finite order. Conversely, let G < M be Kleinian with
every element of finite order. By Theorem X477, all the elements of G have a common fixed point;
conjugating this fixed point to 0, we see that G is conjugate to a discrete subgroup of O(3) and hence
is finite by Lemma B372. =

3.3.9 Proposition. If f,g € M are nontrivial, where f is loxodromic and f, g have exactly one shared
fixed point, then (f, g) is not discrete.

Proof. Assume the common fixed point is co and conjugate f to the transformation f(z) = k?z for
k? € C; if o is the repelling fixed point of f, replace f with f~!. Then g is of the form g(z) = az +b,
and since g(0) # 0 we have b # 0. Observe that f*gf"(z) = az + k=2"b. As ’kz’ > 1, we see that

2
lgT"fg" |2 =lal*+ }k‘z"b' — 0asn — o0, so the sequence of distinct elements (g™" fg") has a limit
point. NS

3.3.10 Lemma. Let G contain two parabolic elements with distinct fixed points. Then G contains a
loxodromic element.

Proof. Suppose that f,g € G are parabolic with distinct fixed points; by conjugating appropriately,

we have normal forms
q 1

0 1
1+pg p Ag-1=|1—P4 P|.
q [’ -q 1[

for f and g respectively with p, g nonzero; now note that

AB =

since fg is not loxodromic, it is either parabolic or elliptic; note that fg cannot fix co, otherwise
f,g would have a shared fixed point, and so if fg were parabolic with fixed point x there would be
r #0withl — pg = 1—rxand 1 = 1 + rx; this occurs only if x = 0 and pg = 0 which is not
allowed by assumption on p and q. Hence fg must be elliptic, with tr* fg = (2 + pq)? € [0,4); thus
2+pq € (-2,2)and pq € (—4,—-2),502—pq € (2,4)sotr’ fg~! € (4,16) —and fg ! is loxodromic
(contradiction). \Z

3.3.11 Lemma. IfG is elementary of loxodromic type, then G leaves invariant a unique hyperbolic line
in H3.

Proof. Since G is not of elliptic type, the finite orbits of G are all contained in H3. Let {uy, ..., u,}
be the union of a finite number of finite orbits of G. By the orbit-stabiliser theorem, each stabiliser
Stabg u; is of finite index in G. Thus H = Stabg u; N --- N Stabg u,, is of finite index in G and fixes
each u;. If n > 3, then H (hence G) is of elliptic type: this is because each element of H must fix three
elements and so must have a fixed point in H3, so every element is elliptic. Hence n = 1 or n = 2. If
n = 1, then either G is of elliptic type or G is of parabolic type. Thus n = 2; it is clear that G leaves
invariant the line [uy, u,]. nZ

3.3.12 Theorem. The following are equivalent:
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1.

2.

3.

CHAPTER 3. KLEINIAN GROUPS

G is elementary;

|AG)
tively);

< 2 (and further, |A(G)| is 0,1,2 as G is of elliptic, parabolic, or loxodromic type respec-

|A(G)] < 0.

Proof. The implication |A(G)| £ 2 = |A(G)| £ oo is trivial. Now suppose |A(G)| < oco. Since

A(G) is G-invariant, A(G) is a union of G-orbits; it is immediate that each such orbit is finite.
Suppose G is elementary. We have three cases.

1.

G is of elliptic type. By Lemma B3, G has a fixed point z in H3, in particular each element of
G is elliptic, and by discreteness each such element has finite order (otherwise, pick a sequence
of distinct elements of the group, the multipliers of the elements lie on S and so there is a sub-
sequence of elements with multipliers converging to a fixed value, contradicting discreteness
since there is exactly one element with a given multiplier); in particular, by Lemma B3R, G is
finite and so cannot have any limit points.

G is of parabolic type. Let z be the fixed point of G in C; by conjugation, assume z = co.
Observe that G must contain a parabolic or loxodromic element, otherwise every nontrivial
element is elliptic and thus by Theorem 7472 G fixes a point in H3.

If g contains a parabolic element, then every element of G fixes oo (all other orbits are infinite)
and so existence of a loxodromic element f € G contradicts discreteness by Proposition B39.
Hence every element of G is parabolic or elliptic, and there is a unique limit point (namely, o)
— to see this, use discreteness to see that each elliptic element is of finite order (as in the first
case above) so no finite limit point comes from adding in the elliptic elements.

On the other hand suppose G consists entirely of loxodromic and elliptic elements; then if
g € G is an arbitrary loxodromic element, with fixed points 0 and oo (by conjugation), every
other element must leave {0, oo} invariant (again, by Proposition E39). Since o is a shared
fixed point, this implies that 0 is a shared fixed point, contradicting uniqueness of the fixed
point for G; thus this case cannot occur and if G is of parabolic type it contains only parabolic
and elliptic elements.

. G is of loxodromic type. By the arguments above, we see that G cannot be entirely elliptic

(otherwise G fixes a point in H>, so has a finite orbit in H>, so is elliptic type). Suppose for
contradiction that G contains no loxodromic element. Then there is some g € G parabolic,
say with fixed point oo. If every parabolic element of G had fixed point oo, we see easily that
G would be of parabolic type. Thus there is some parabolic h € G which does not fix oo; by
Lemma B30 this implies existence of a loxodromic element, contradiction. We conclude that
G contains a loxodromic element g, with fixed points w,z € C, say with w attracting and z
repelling. Note that for fixed z, € °Q we have g"z, - w and g7"z; - z,sow,z € A. By
Lemma B311, G leaves the unique line [w, z] invariant in H3. Suppose x is a limit point; then
X is the limit of a sequence g,z for (g,,) distinct elements of G. Note that the g, are eventually
not loxodromic, for the images of loxodromic elements must tend to w or z. But G is discrete,
so we must have that x is the fixed point of infinitely many parabolic elements; but note, if
h € G is parabolic then gh is loxodromic whenever h is loxodromic, and gh has different fixed
points to h, contradiction.

This shows that G elementary implies that |A(G)| < 2. NS

There is in fact a fourth equivalent definition of elementariness:
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3.3.13 Proposition. A Kleinian group G is elementary iff it contains an abelian subgroup G’ of finite
index.

Proof. Suppose G is an elementary Kleinian group.

« If G is elliptic, then G is finite (by case 1 in the proof of Theorem B317) and hence we may
take G’ = G.

« If G is loxodromic, then by conjugation we may assume that 0 and co are the two limit points of
G (and that these are the only fixed points of any element of G in H3); so {0, oo} is left invariant
by G. Let G, be the subgroup of G fixing 0. By the Orbit-Stabiliser theorem, [G : G,] < 2.
Each element of G, is a Poincaré extension of an element of A0(2) for some 4 € R, (by
Corollary T3d). Let p : Gy — R, be the map sending AA — A; the kernel of this map
is Gy N O(2), which is finite by discreteness (since O(2) is compact). The orbit G,j is discrete
(because it cannot accumulate anywhere!) and so p(Gy) is an infinite discrete subgroup of R.
Hence there is some s > 1 generating o(Gy): that is, p(Gy) = {s™ : m € Z}. Thus, p exhibits
G, as the extension of an infinite cyclic (hence abelian) group by a finite group and hence G is
a finite extension of an abelian group G’ as desired.

« If G is parabolic, we shall use the following fact:

Claim. Let G be a group of isometries of R". Then G has an abelian normal subgroup N of
finite index containing all the translations in G, and the index of N in G is bounded by a number
depending only on n.

One can choose N to be the subgroup generated by all of the elements ¢ = a + A in G (where
a € R" and A € G) such that ||A — 1|| < 1/2; the proof is given in detail as [BR, lemma 7 of
section 5.4].

But, of course, if G is parabolic then we may assume the global fixed point is oo, and so G acts
as a discrete group of isometries on R3. Then the claim immediately gives the result.

This proves one direction.
Suppose now that G is a Kleinian group, and that G’ < G is a finite index abelian subgroup.

Observe that G’ is elementary, by Theorem ZZ3. Let x € H3 such that G’x is finite. Since [G : G'] <
o0, there exist coset representatives yy, ..., ¥, € G such that G = U:Zl 7;G’ and so Gx = U:il 7Gx,
which is finite. This proves that G is elementary. =

We now perform a study of non-elementary groups.

3.3.14 Lemma. Ifg € M is elliptic or parabolic, and if g does not fix oo, then the isometric spheres of g
and g~! intersect.

Proof. Suppose g is elliptic; conjugate such that g fixes 0 and 1; then we have matrix representatives

k o k 0
k—k k k—k k
for g and g~ respectively; now note, the isometric circle of g has equation '(E —k)z + k' =1, and
— — —y-1
that for g~! has equation L(k —k)z+ kJ = 1. Hence both have radius r = Hk - k” , and the centres
are respectively —k /(k — k) and —k /(k — k), with distance

-Eﬂk—Ey-QkﬂE—m»:%%Ak—B—kﬂk—Eﬂ:4—E—q:rﬁ+kr
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note, k + k = 2Rek < 2. The isometric circles, of radius r, therefore have centres a distance apart
less than 2r and so must intersect.
A similar but easier computation shows the parabolic case. =

3.3.15 Lemma. If G has no loxodromic elements, contains a parabolic element, and all the parabolic
elements have a common fixed point, then G is conjugate to a group of Euclidean motions, and G has a
unique limit point. In particular, G is elementary.

Proof. Conjugate the common fixed point of the parabolic elements to co. It suffices to show that
all the elliptic elements of G then have a fixed point at co; suppose for the sake of contradiction that
there is some f € G elliptic with finite fixed points, and without loss of generality conjugate the fixed
points of f to 0 and 1. Let g be an arbitrary parabolic element. We may (by the normal form results)
choose matrices A and B for f and g respectively of the form

A= _k 0, B=
k—-k k

and hence the isometric circle of g" f is exactly that of f for all n € N. Similarly, we have

k —p"k
k—k k+p"(k—k)|

0 1 k—k k

1 p]’ SoB"A =

k+ p"(E— k) p”k]

A—lB—n — [

so the isometric circle of f~'g~" has the same radius as that of f but centre —(k+ p"(k—k))/(k—k) =
p" — k/(k — k), i.e. the isometric circle of fg" is the image of the isometric circle of f~! under a
translation by p".

Let S be the isometric circle of f, and S’ the isometric circle of f~!. Observe now that the cyclic
group generated by f acts discontinuously on C and so there is some m > 0 such that S and f™S’
are disjoint; but by the observations above, this shows that the isometric circles of g™ f and f~1g="
are disjoint; note that these elements are not loxodromic by assumption, and so by Lemma B3T4 we
obtain a contradiction.

It is now easy to see that the only limit point of a discrete group of Euclidean motions G with a
parabolic element is the point oco. nZ

3.3.16 Proposition. IfG is a non-elementary group, then G has a loxodromic point.

Proof. By Lemma B3R, if every nontrivial element of G was elliptic then G would be finite, in par-
ticular G would have no limit points, so would be elementary by Theorem B3T2. Hence G contains
a nontrivial element which is parabolic or loxodromic.

If G contains no loxodromic elements and all the parabolic elements have a common fixed point,
then by Lemma B3T3 G is conjugate to a group of Euclidean motions and is elementary. Hence if G
contains no loxodromic elements, there must be two parabolic elements f, g € G with distinct fixed
points; but this contradicts Lemma BE3T10. NS

3.3.17 Corollary. IfG is finite, then G is elementary.
Proof. By Corollary 4R, a finite Kleinian group consists entirely of elliptic elements. =

We now obtain the following lemma, which is fundamental in the non-elementary case as it
strengthens Lemma B37. We see that the ‘generic case’ of a non-elementary group is loxodromic.

3.3.18 Proposition. If G is non-elementary and x € A, then the G-translates of x are dense in A.
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Proof. By Proposition B318, G contains a loxodromic element f. If x is not fixed by f, then there
is some element of G which does not fix x. Otherwise, if x is fixed by f, then take a limit point y
not fixed by f; by Lemma B3 there exists a fixed point z of f and a sequence of elements (g,,) of G
with g,z — y. For every g € G, the fixed point sets of f and gfg~' are either identical or disjoint
by Proposition B34. This means that eventually g, fg, ' cannot have a fixed point at z, since z # .
In particular, there exists an element g € G with the fixed point sets of f and gfg~! disjoint! In
particular, x is not a fixed point of gfg~!, and so there is some element of G which does not fix x.
Overall, we have some g € G such that gx # x. Let z € A be arbitrary; by Lemma B3, some
subsequence of the sequence (g") has the property g"(x) — z which completes the proof. A=

Remark. Observe that what goes wrong in the elementary case is that there might be some limit point
not moved by any element of G. (For instance, take the group generated by the translation z — z+1.)

3.3.19 Corollary. IfG is non-elementary, then G is of the second kind iff there exists some z € C such
that Gz is not dense in C.

Proof. Note thatif Q = #then A = €. In this case, for all z € C = A the orbit Gz is dense in € = A.
Conversely, if there is some z € C such that Gz is not dense in A then by the proposition we must
havez & A,so A # C and Q # 0. NS

3.3.20 Example. Let { = exp(27i/p) and £ = exp(27i/q), where p,q € Z; for convenience, we
take p,q > 2 (so sin(27r/p) and sin(27/q) are both positive). Define

_¢ 1 _|¢§ o
oo T &

where p € C is non-zero. Let G := (X, Y).

The first claim is that G is non-elementary. Observe that

tr[X,Y] = tr XYX"1Y~! =2 — 4sin 2?7[ sin %rp — 0%
[X, Y] is loxodromic whenever tr[X, Y] ¢ [—2, 2]. Consider the inequality
27 27
2 —4sin = sin —p — p?| > 2.
D g p—p
Let o and 3 be the two roots of tr[X, Y] (as a polynomial in p). Then the inequality becomes

o —afle—B|>2

and so [X, Y] is loxodromic whenever p lies on the exterior (that is, the component of the complement
containing oo) of the so-called Cassini oval A with locii « and 8 and radius \/5 (Fig. BA).

Observe also that tr XY = 2 cos <2—ﬂ + 2—”) + p, s0 XY is loxodromic whenever p lies outside the
p q

circle C of radius 2 centred at —2 cos (2?” + %ﬂ .

It is easy to check that [X, Y] and XY have distinct fixed points. In particular, whenever p lies in
the common exterior of the circle C and the Cassini oval A, the loxodromic elements [X,Y] and XY
have between them four distinct fixed points, so |A(G)| > 4, and in particular G is non-elementary.

We consider the case p = 3,q = 4; the region of interest is the common exterior of the curves in
Fig. 3.
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Figure 3.6: The Cassini ovals of Example for p =3 and q = 4,16, 32,128.
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I I I I I
-4 -2 0 2 4

Figure 3.7: A region for which the group G is non-elementary (Example BE320).

3.3.21 Theorem. Let G be non-elementary. The set A may alternatively be characterised as:
1. The set A;, where A is the set of loxodromic points of G;
2. The smallest nontrivial closed G-invariant subspace of C.

Proof. 1. Let x be aloxodromic point of G, say a fixed point of f € G loxodromic. Then for almost
every z € C, we have f"z — x so x is a limit point of G, i.e. Gx C A. By Proposition B3R,
Gx is dense in A; and since the latter is closed, Gx = A. (Hence we have shown something
stronger, namely A is the closure of the orbit of a single loxodromic point.)

2. By Theorem B34, A is a closed G-invariant subspace; by Proposition B3TH, A # @. Let E be
an arbitrary such subspace. Since G is non-elementary, every orbit is infinite, and thus E is
infinite. Let x € C be a loxodromic point, say fixed by g € G loxodromic. There is some e € E
not fixed by g, and the set {g"(e) : n € Z} accumulates at x. As E is closed, x € E. Thus
A; C E and again since E is closed we have A_l CE. i\

3.3.22 Corollary. For general G, A is the closure of the set A\ of fixed points of non-elliptic elements.

by h € G nonelliptic. Then ghg~! is nonelliptic and fixes ga for all g € G. In particular, A, is
G-invariant. If G is non-elementary, we have A C A, by the above theorem. On the other hand,
suppose G is elementary. By Theorem B3, we have two cases:

Proof. 1t is easy to see that Ay C A and hence Ay C A since the latter is closed. Let x € A,, fixed

1. |A| has one element; in this case, G is of parabolic type, and by the proof of Theorem E3T2 this
limit point is exactly the unique shared fixed point of every non-elliptic element of G; hence
|Ag| = 1 and by counting we see A = A (the closure of a finite set is itself).

2. |A| has two elements; in this case, G is of loxodromic type, and the limit points are exactly the
two shared fixed points of the elements of G; again we see that |Ag| = 2,50 A = A,. A=
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Remark. Note that Beardon defines the limit set to be A;; so our limit set only agrees with his when
the group of interest is non-elementary.

3.3.23 Corollary. Every element of the set Q \ °Q is an elliptic point.

Proof. Let x € C. Suppose x is not a fixed point of any element of G; we wish to show that either
Xx € °Qorx € A. Suppose x ¢ °Q; then for every neighbourhood U of x, there exists some nontrivial
g such that gU N U # @; taking the neighbourhoods B(x,1/m) for m € N we find a sequence (g,,)
of elements of G and some sequence z,, € U such that g,,z,, — x and z,, - x. Suppose that the
gm have an eventually constant subsequence, say equal to some element g. Then gU N U # @ for
arbitrarily small neighbourhoods U; this implies that gU N U = {x}, so x is a fixed point of g —
this is a contradiction. Hence we may assume that almost all the g,, are distinct. By the proof of
Lemma B3 we can find a subsequence (g,,) and limit points w, y such that g, — w uniformly on
compact subsets of C \ {y}. If x = y, then x € A. If x # y, then the points z,, do not accumulate at y
and so the sequence g, z, is away from y, thus g,z, - wandsox = w € A.

In particular, we see that if x liesin Q\ °Q = €\ (°®UA) then x is a fixed point of some element.
By Corollary B327, points outside A which are fixed points must be fixed points of elliptic elements;
this completes the proof. =

The converse to Corollary B33 is not true:

3.3.24 Example. Let G be the group generated by two elements, represented by

11
X_[O I], v -

Observe that G is discrete. Note also that oo is a fixed point of the parabolic element X, so co € A(G).
On the other hand, 0 € Q(G) since there are only finitely many elements of G not moving the unit
disc off itself.

In particular, Y is an elliptic element with one fixed point in A(G) and one fixed point in Q(G).

exp(iz/3) 0
0 exp(—im/3)|"

3.3.25 Proposition. Q — °Q is a discrete subset of Q.

Proof. Let (z,) be a sequence of points of Q — °Q. Then for each n there is a nontrivial element
g, € Stabg z, (by Corollary B323). Each g, lies in at most two of the Stabg z,, (since transformations
have at most two fixed points), so we may choose a subsequence (g,,) of distinct elements; further,
by Lemma B3 choose a subsequence such that z,, converges, say to w, and such that g,, — x
uniformly on compact subsets of C \ {y}. If w = y, then w € A. If w # y, then the points z,, do not
accumulate at y and so the sequence g,,z,, is away from y, thus g,,z,, > xandsow =x € A. A

3.3.26 Corollary. Q is non-empty iff °Q is non-empty.

Proof. Since °Q C Q it suffices to show that if Q is non-empty then °Q # @J; this is easy: since Q is
open in C, it is not discrete, so removing discrete points will not empty it. =

There is an alternative characterisation of limit points which comes from the action of G on H3.

3.3.27 Theorem. The set A is the set of all z € dH? such that z is an accumulation point of Gq for
some q € H3. (In particular, the accumulation points of Gq must lie on the boundary 0H?.)

Proof. This follows from the following observations: firstly, that the Poincaré extension of some f €
M (which is an element of GM(3)) has isometric circle the orthogonal extension of the isometric
circle of f into H3; secondly, that closures of balls in H> centred at a point of dH> are compact in
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H3 (so the proof of Lemma B3 goes through in the relevant case, giving us g, € GM(3) which are

Poincaré extensions); and hence the proof of part (1) of Theorem B33 goes through for all g € H?,
not just z € dH>. =

3.3.28 Corollary. Ifq € H3 and Gq denotes the closure of the orbit Gq in H3, then A = Gq N 6H>.

Proof. Observe that G_q N 0H?3 is precisely the set of limit points of Gq in I?, when q € H? (not on
the boundary!). n=

The reader may now use this corollary to obtain shorter/more conceptual proofs of the analysis
of the limit sets of the elementary groups, following [BX].

3.4 Jorgensen’s inequality

3.4.1 Proposition (Shimizu-Leutbecher lemma). Let G < M be Kleinian, containing the transforma-

tion f givenbyz — z+ 1. IfB = a

Z] represents an element g € G distinct from f, then eitherc = 0

or|c| > 1.
Proof. Assume that |c| < 1. Inductively define a sequence (B,,,) by
B, =B
Bpy1 = BnABL,

and let A = [(1) i] represent f.

By direct computation,

2

am bm] — By, = [l—agqcm ap, ];
dm

B, =
m Cm —Cipy 1+ a0

observe that |c,| = |c|2m, 80 |¢,y| = 0. Since |¢,,| < 1 for all m, we have
|@ms1] = |1 — ancu| S 1+ |ap||cm| <1+ |an|

and so by induction a,, < m + |a|. Thus a,,c,, = 0, s0 a,,;1 = 1 — ayc,, — 1. In particular,

= A.

2 0 140

B |1~ @nCm a, -0 1
I 1+ apucm

This contradicts discreteness unless B, = A for all sufficiently large m. In this case, c¢,, = 0, so
m
since |¢,,| = |c|2 we have |c| = 0. A=

3.4.2 Lemma. An element f € M is of order 2 iff tr* f = 0.

b
d

o]

Proof. Suppose tr* f = 0. Pick a matrix representative A = [? € SL(2,C) for f, thena = —d

and 1 = ad — bc = —a? — bc; then

HHE

a’+bc bla+d)
cla+d) bc+d?
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so A2 represents the identity map, and A is not the identity or its negation sincea = +1 = d = F¥1.
Conversely, suppose f € M is of order 2. Then f is elliptic, so we may pick a matrix for A of the
form

-1 _ _ -l
1 xk vk xytk—k™) Xy # o
=y | k'=k  xk—yk!

) [k—l y(k — k—1>]

X =
0 k
k x(k!'—k)
=
0 k1 Y
where k # +1,and k* = 1;i.e. k = +i. In any case, tr A = 0. NN

3.4.3 Example. Define the group G,, for p € C, to be the group generated by the two parabolic
elements
11 1 0

By Proposition B4, G, cannot be discrete unless |p| > 1. (This gives a bound on the Riley slice,
see [29, §2.2].)

3.4.4 Theorem (Jorgensen’s inequality). Let f, g generate a non-elementary Kleinian group. Then
|tr? f = 4|+ |ulf, gl -2 > 1.

Remark. The theorem stated as [R4, theorem C.7] is a special case of the above: if f is loxodromic
and g does not keep invariant the fixed point set of f then A({f, g)) > 2 and so the group (f, g) is
non-elementary.

Proof. If f is of order 2, then by Lemma B4
|o? f — 4| +|ulf, gl -2 =4 +|ulf.g] -2 242 1.

Hence we may assume f is not of order 2.
Suppose f is parabolic. By conjugation, we may assume f is the transformation z — z + 1; pick

representatives
11 a b
A= [0 1] ’ B = c d]
for f and g respectively. Observe that
(3.4.5) ‘trzf - 4} + [trlf, 8] — 2| = |tr[f, 8] — 2| = ‘cz +2-— z| = |c2)

If c = 0 then g fixes oo, and so G is elementary (e.g. by Lemma BE3T3). In particular, we see f # g.
Apply now Proposition B4T; we see that |c| > 1, and comparison with Eq. (843) gives the result in
this case.

Suppose now that f is loxodromic or elliptic. Conjugate such that the fixed points are 0 and oo,
so by the normal forms (in this case Lemma PZ310) we have representatives

kK 0 a b
A_[O k‘l]’ B_[c d]

where k € C*.
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If bc = 0, then g fixes either 0 or o0, 50 (f, g) has a fixed point and is therefore elementary. Assume
then that bc # 0. Observe that

|tr? f — 4| + |l f, g] = 2| = [k* + k7> = 2| + 2ad — be(k® + k™2) - 2|
= [k = k[ +[201 + be) - be(k? + k72) - 2|
= [k = k1" + [bel[2 — (k2 + k2)|
= (1 + [beplk — k[,

(3.4.6)

Let u denote this quantity. Suppose first of all that u < 1.
As in the proof of Proposition B2, inductively define a sequence (B,,) by

BO = B
Bpy1 = BmABl;ll’
and now observe the relations

an, amdmk —buepk™  apb(kTt—k) |

_ by -
(3.4.7) Bu=|" dm] = B —[ ek =k apdk™ = bpemk|’

one now notices (somehow) that

bni1Cmer = (ambm(k_1 —k)(emdp(k — k™)
= ay,bCndy, (k1 —k)?
= (14 by,c)bpcm(k™! —k)?;

we now prove by induction that |b,,c,,| < u™|bc|. Indeed the base case comes from the assumption
# < 1, and the inductive step is

|bmt1Cmet]| = |1 + mememcmHk-l _ k{z
< bl = k| + el [k — K[
< wfbel[k=t k| + g2 e ~ k|
< ufbel[k=t — k| + g bel’ [k~ — k[
< (1 + [beum el — k|
< u™*1bcl.

In particular, |b,,c,,| — 0 and so a,,d,, = 1 + by,c,, — 1: hence

B _|anduk = by Ck ™! a,, by, (k™1 = k) N k A, by, (k™1 = k)
mHl = e d,(k—k71) a,,dp k™t — b,k Cpdy(k —k™1) k1
soa,, = k,d, — k1.
Thus,
bm+1 2

= |am(k! - k)\2 > E= |k|2|k—1 - k|2 < |k’ + |bel)|k — k—1|2 = ulk|?;

by
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since u < 1, this implies that

b 1+ ul/?
mL| g <l < K|
b, 2
so for large enough m,
b1 1+'M1/2|k| — b1 1+:u1/2 b_m b_m :
bm 2 km+1 2 km km

and so |[b"k™™| — 0.
Using similar reasoning, |¢™k™| — 0 and so

A"MB,, AM =

Aom b2mk_2m
C2nk2m d2m - A

Since (f, g) is discrete, we must have A™"B,,, A™ = A for large enough m. This implies, by compar-
ison between A and the expression for B,,, in Eq. (847), that a,,,b,,(k~! — k) = ¢,,,d,,,(k — k™) = 0;
i.e. one of a,, or b,, is zero, and one of ¢, or d,, is zero. But note that b,,c,, # 0 for all m by the
inductive formula above; hence a,, = 0 and d,,, = 0. Thus f fixes 0 and oo, and g swaps 0 and oo, sO
the set {0, oo} is a finite orbit of (f, g), contradicting that this group is non-elementary. Thus u > 1,
and the proof is completed by recalling Eq. (BZ-8). =

3.4.8 Example. We show that the bound in Jergensen’s inequality is attained. Recall that the mod-
ular group SL(2, Z) is a Kleinian group generated by f and g defined by z — z+landz —» —1/z
respectively; then |tr2f - 4| +|trlf,gl —2|=14—-4]+[3-2|=1

3.5 Some examples

3.5.1 A Fuchsian group
Let ¢ = exp(27i/p) and & = exp(27i/q), where p,q € Z. Define

& 0
p &
Let G :=(X,Y).
We begin by computing the quantities which appear in Jorgensen’s inequality (Theorem BZ34).

x=|¢ ;], y =

2
tr* X = 4cos? 2=
p
“1y—1 . 2w . 27 3
tr[X, Y] =tr XYX' Y =2—-4sin—sin—p—p
p q
In particular,

.22 .2 . 2
‘ter—4‘+|tr[X,Y]—2|=4sm2?ﬂ+|p|p+4sm§sm§



Chapter 4

Riemann surfaces

The aim of this chapter is the study of the quotient space Q/G. A brief outline of the chapter follows:
1. In Section BTl we define the basic terminology and check that Q/G is a Riemann surface;

2. In Section B2 we define the notion of a fundamental domain to simplify the visualisation of
the Riemann surface of interest;

3. In Section B3 we apply this theory to find some bounds on the parabolic and elliptic Riley
slices;

4. In Section B4 we give a method of constructing fundamental domains for certain classes of
Kleinian groups;

5. In Section 2 we study punctures of Q/G.

Throughout, G is a Kleinian group of the second type. If we want to talk about an abstract group,
we shall use the symbol T'.

4.1 Definitions

We recall for convenience the following definition (see [20] or [I6]).

4.1.1 Definition. A Riemann surface is a Hausdorff space X equipped with an open cover (U )qeca
and, for each a € A, an injective open map ¢, : U, — C (called a coordinate chart), such that for
all a, § € A the transition map

¢a¢gl : ¢6(Uoc N Uﬁ) = ¢a(Ug N Uﬁ)

is holomorphic.

Amap f : X > Y (X and Y Riemann surfaces) is holomorphic if for each pair of charts ¢ for X
and © for Y, the composition 1 f¢~! is holomorphic. We say that such an f is a biholomorphism,
a conformal equivalence, or simply an equivalence if f is invertible and f~! is holomorphic; we
write X ~ Y in this case.

A Riemann surface is, in particular, a 2-manifold; the second-countability of a Riemann surface is
nontrivial and is known as Rado’s theorem; see the remark on page 140 of [[A]. A Riemann surface
which is a 2-manifold that is compact and without boundary is called closed.
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Let X and Y be Riemann surfaces, with p : X — Y a non-constant holomorphic map. Then p
is open (being open is a local property, and holomorphic maps between subsets of C are open), and
p~ () is discrete for any y € Y (again, this follows from the fact that locally a holomorphic map is
constant if the inverse image of any point y € Y has a limit point).

A point x € X is a branch point or ramification point of p if there is no neighbourhood of x
on which p is injective.

We will be interested in Riemann surfaces which have a ‘hyperbolic structure’. We say that a 2-
manifold M is hyperbolic if there is an atlas (¢, : U, — B?)4ea on M (where B2 is viewed as a
subset of R?) with the following properties:

1. Each U, is connected;

2. If U, N Ug # @, then for every x € U, N U, there is a neighbourhood U > x and an element
g € Misuch that (¢g¢; )1y = g

If X is a Riemann surface such that the Riemann surface structure is also a hyperbolic structure
under the identification of B2 with the ball model of hyperbolic space in C, then we say that X is a
hyperbolic Riemann surface.

Let a group I' act on a set X, and let H < I". We say that X is precisely invariant under H if the
following conditions hold:

1. H =Ty, and

2. gXNnX =0@forallge T\ H.
If X is precisely invariant under the identity, then we say X is a G-packing.
4.1.2 Lemma. A point x lies in Q(G) iff the following conditions hold:

1. Stabg x is finite; and

2. there is a neighbourhood U 3 x which is precisely invariant under Stabg x.

Proof. If G acts discontinuously about x € C, it is clear that Stabg; x is finite. Pick a neighbourhood
U of x such that gU n U is nonempty for only finitely many g € G, say g, ..., . For each g; not a
stabiliser of x, there exists a sufficiently small disc B; = B(x, ¢;) such that d(g;B;, x) > 0, and for all
g; € Stabg x set B; = U; now replace U with U N ﬂi B;; then gU N U is nonempty iff g € Stabg x. It
follows that U* = ﬂg eStabg x g(U) is a neighbourhood of x precisely invariant under Stabg x.

The converse is trivial. =
4.1.3 Theorem. The quotient space Rg := Q/G is a hyperbolic Riemann surface.

Proof. Note that R is Hausdorff by the theory of Section B, and that the projection 7 is open by
standard considerations [33, chapters 11 and 12].

We now define the complex structure on R. In fact, we will show that there is an atlas with charts
formed by the projections of nice discs about each x € Q onto R; with the G-transition property.

Let D be the unit disc in C.

Suppose first that z € °Q; we may pick a neighbourhood U, of z such that gU, N U, # @ only for
g = 1. Then the restriction 7, := 71y : U, - Q/G is injective and so there exists ;s (U, -
U, a left inverse for 7, on some neighbourhood of 7(z). Let o : U, — D be a surjective Mobius
transformation sending z + 0; then ¢, := qon;! : 7(U,) = D is a homeomorphism (where q is the
identity map).

On the other hand, suppose z € Q\ °Q. Let U, be a neighbourhood of z precisely invariant under
G, (which exists by Lemma ET7); and let J = G,. Note that there is a natural homeomorphism
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U,/J ~ U, /G by the properties of precise invariance. Observe that J is finite and so each nontrivial
element of J is elliptic. We note that, by Corollary B33, such a nontrivial element exists. Suppose
f,g € J; then [f,g] € J is elliptic and so by Lemma Z22 we have that Fix f = Fixg. Let o be a
Mobius transformation sending z — 0 and U, onto the unit disc D. Since J is finite and consists
of elliptic elements, it is cyclic and so is generated by some elliptic g € J satisfying ogo=}(w) =
exp(zi/n)w forallw € D. Letq : D — D bethe map z — z". Forallw € U, and all k € Z we
have
qgogkw = (agka_lcrw)n = (exp(k2zi/n)ow)" = (cw)".

Observe that this shows that the function go7, (Where 77, := 7 rUz) is well-defined, regardless of the

branch of the inverse that is chosen: indeed, 7(w) is mapped by a branch of ;! to some point g*(w)
and the image of each of these under qo is (cw)". In particular, ¢, := qor, : Q/G 2 n(U,) — D is
a homeomorphism.

Let = = {(¢,, 7(U,)) : z € Q}; the claim is that this is a chart for R;.

We begin by studying the maps 7,7, for w # z. Let ¢, € Uy, ¢, € U,. If n(¢y,) = 7n(¢,)
then for some g € G, we have g¢,, = ¢,. If ¢, and ¢, are not elliptic fixed points, then 7! exists (is
univaluate) in some neighbourhood of ¢, and takes values in 77,(U,). The two maps 7,g and 7, with
7 on some neighbourhood of ¢,,; thus on that neighbourhood, g = 7;'7,,. Thus the maps 7',
are elements of G away from elliptic fixed points of G.

We may write ¢, = q,0,7,"! and ¢, = q,0,7,"; suppose { € 7w(U,) N w(Uy). If ¢ is not
an elliptic fixed point, then we may pick an arbitrary branch of g,! about ¢ (if necessary) and then
compute

-1 _ -1 -1 ,,-1.
qozqow - ngzﬂz ﬂwGw qw 4

If ¢ is not an elliptic fixed point, by the previous paragraph we have

-1 _ -1 -1,-1 _ -1,.,-1
§DZ§0w - ngznz 7Tw0'w qw - qzazgaw Qw

which is clearly a biholomorphism; on the other hand, if { is an elliptic fixed point then we may pick
a punctured neighbourhood of ¢ on which ¢,¢,! is biholomorphic by the previous remark (this is
because elliptic fixed points are discrete) and then by standard considerations (Hartog’s theorem) it
may be extended to a biholomorphic function defined at ¢.

Thus we have shown that R is a Riemann surface with charts being homeomorphisms onto D.
It is a consequence of Schwartz’ lemma ([2, section 3.4, exercise 5]) that such maps are in fact Mobius
transformations which fix D, and thus act as hyperbolic isometries in D. A=

4.1.4 Lemma. Let X be a compact 2-manifold. Every connected component W of the boundary has
a neighbourhood U with interior U \ W homeomorphic to an annulus such that the homeomorphism
extends continuously to U N W and maps U continuously onto a closed annulus; in particular, each
boundary component of a Riemann surface has a neighbourhood conformally equivalent to a punctured
disc or an annulus.

If W is a boundary component of a Riemann surface with a neighbourhood conformally equiva-
lent to a punctured disc, we say that W bounds a puncture or that the surface is punctured at W;
otherwise, it bounds a disc or corresponds to a removed disc.

The Riemann surface R; admits a marking structure as follows (this is a definition, not a theo-
rem):

« projections of elliptic elements x € Q are marked with the order of the generator of Stabg x;

« punctures are marked with co.
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A Riemann surface X is said to be of finite type if X is biholomorphic to a compact Riemann
surface with at most finitely many points removed.

4.1.5 Theorem (Ahlfors’ finiteness theorem). If G is a finitely generated non-elementary Kleinian
group, then Rg has finitely many components, each hyperbolic of finite type. In particular, if area(Rg)
denotes the hyperbolic area of Rg, then area(Rg) is finite.

Historical remark. The theorem was first published in [@], an error in the proof was indicated by Bers
[3], and the gap was filled in [P3].

When we study the structure of hyperbolic 3-manifolds, we shall provide a proof of Ahlfors’ the-
orem following [31].
There are some useful quantitative extensions to Ahlfors’ finiteness theorem. For instance:

4.1.6 Theorem (Bers, 1967). IfG is a finitely generated non-elementary Kleinian group, then
1
— <2(N -1
S area(#e) < 2N — 1)

where N is the size of a minimal generating set for G.

Finally we remark that there is a converse to the construction of the Riemann surface R from a
Kleinian group G.

4.1.7 Theorem (Klein-Poincaré Uniformisation Theorem). Let R be a Riemann surface, and let R be
its universal cover. Then R is conformally equivalent to C, C, orB> ={z € C : |z| < 1}; and R = R/G,
where G is a Kleinian group acting discontinuously on R (where the action is induced by restriction);
further, G is unique up to conjugation in AutR.

Motivated by this, we define a Fuchsian group to be a Kleinian group which acts discontinuously
on some disc D (i.e. a conformal image of B2).
In fact, we have a stronger result:

4.1.8 Theorem (Bers’ simultaneous uniformisation theorem, 1960). Let S and S’ be quasiconfor-
mally equivalent hyperbolic Riemann surfaces with degenerate boundary components; then there exists
a quasi-Fuchsian group of the first kind such that Q(G)/G = Su S’

An excellent discussion of these results and many others together with a plethora of historical
references is found in [B0].

4.2 Fundamental domains

Our next goal is the study of the quotient R. In order to do this, we will find a region D C Q such
that the action of G on D tiles the entirety of 2, and such that D is the ‘smallest possible’ such region.
More precisely, we make the following definition.

4.2.1 Definition. A fundamental domain for G is an open set D C Q with the following properties:
1. D is a G-packing;
2. For every z € Q, there exists g € G such that gz € D;

3. The boundary of D consists of limit points of G and a countable collection of curves (y; :
[0,1] = ©);; such that 3D = U;¢;y;[0, 1] and such that y;(0,1) C Q for all i; the intersections
s; = ¥;[0,1] N Q are called the sides of D;
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4. If s is a side of D, then there exists a side s’ and a nontrivial element g € G (called a side-
pairing transformation) such that s’ = gs, and these choices are made such that g = (g’)’;

5. If (s,,) is a sequence of sides of D, then diam s,,, — 0 and the sides of D accumulate only at limit
points;

6. Only finitely many translates of D meet any compact subset of Q.

Some unfortunate terminology: a fundamental domain is not a domain (it is not necessarily sim-
ply connected).

Observe that condition (1) in the above is equivalent to the statement that “V, ,cp(gx = y) =
g = 1”7 (that is, if x € D then x has no nontrivial G-translates in D). Indeed, suppose D is precisely
invariant under 1; if gx = y forg € G theny € gD N D and so g = 1. On the other hand, suppose
gD n D is nonempty; then an element in the intersection is a nontrivial translate in D.

Endpoints of sides of D which lie in Q are called vertices for D.

4.2.2 Lemma. Let D be a fundamental domain, and let g be a side-pairing transformation for G, pair-
ing s = s'. Then gD N D N Q is a union of sides of D containing s’.

Proof. Clearly s’ C gD n D N Q, by definition. Suppose x € gD N D N Q. Observe that if x lies in
the interior of D, then x lies in the interior of gD. Hence D N gD is nontrivial, contradicting that D
is a G-packing. Thus x is a boundary point of D in Q, and hence is an element of a side. Finally note
that if an element of a side s lies in g_D N D N Q then the entire side lies in the set, and thus the set is
a union of sides. NS

We say that D tesselates Q. We write D for DN Q; the action of G on the sides of D induces a gluing
of the sides of D. In fact:-

4.2.3 Theorem. Let p : D — Q/G be the restriction of the projection map Q — Q/G. It is clear by
definition of the action of G on D that the projection inducesa map p : D/G — Q/G. Then p is an
homeomorphism.

Proof. By condition (2), the map p is surjective. By condition (1), it is injective on D. Observe that
Plpisalocal homeomorphism: let x € D and let U be a neighbourhood of x in D; then p(U) = p(U)
is open since p is open on D. It remails to show that p is a local homeomorphism on D/G and is
injective.

Case 1. Suppose first that x is an interior point of a side s of D. Pick a g € G with the property
gs = s for some side §'. Let x’ = g(x).

Case I: x # x'. Let & (resp. &’) be the minimal distance from x (resp. x’) to x’ (resp. x), any
vertex of D, any limit point of G, or any fixed point of g. By condition (5), both § and &’ are
nonzero. Choose ¢ < min{é,§’}/2 small enough such that B = B(x, p) is precisely invariant
under Stabg x. Choose y;,y, € BN s such that y; and y, lie on opposite sides of x in s. Let y be a
path connecting y; and y, that, except for its endpoints, lies in B N D. This path defines a closed
neighbourhood U of x in D. Similarly, we may define a neighbourhood U’ of x’ (Fig. EI3a).

Note that each point of DN\ U (resp. D N U’) is equivalent in D only to itself. Further, every point
of s N U is equivalent only to the corresponding point of s’ N U. Let V = U n g~}(U’). This is
a set containing x; further, it is precisely invariant under Stabg x since B is. Since no points of
V — s(C D) are G-equivalent, no points of V are G-equivalent. Hence p restricted to U U U’ is a
homeomorphism, i.e. p is a local homeomorphism about x.
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-

3 (b) Case II.

(a) Case L.

Figure 4.1: Definition of U and U’ in case 1 of Theorem E23.

CaseIl: x = x'. If gx = x, then g = g~! (by (4)). Let § be the minimal distance from x to any
vertex of D, to any other fixed point of g, or to any limit point of G. As above choose € < §/2 small
enough such that B = B(x, p) is precisely invariant under Stabg x. Let y; € B n s distinct from x
and set y, = gy;. Again we obtain a closed neighbourhood U of x (Fig. £1H).

Observe that: the points of U N D are G-equivalent only to themselves; a point z € s N U is
equivalent only to gz, which also lies in U; and x is equivalent only to itself. Let V = U U gU.
Then V is precisely invariant under the identity and p [, is a homeomorphism.

Case 2. The second case is that x = x; is a vertex of D. Let s; be a side of D with x; as an endpoint.
Let s{ be the side paired with s;, let g; be the side-pairing transformation relating s; to s{, and let
X, = g1X7; let 5, be the side distinct from si with x, as an endpoint. Inductively construct sequences
(x;), (s1), (g;), and (sl.’ ). Note that by property (6), this process ends after only finitely many steps. Let
n be the smallest integer greater than 1 with s,, = s;. Choose points y; on each s; as in case 1, and
for all i set yl.’ =gy € slf . For each i, choose a path y,,, from y:n_l to y,,, so that the open region U,
bounded by y,,,, s,’n _;»and s, lies in D. The closure of each U, is precisely invariant under Stabg x,,,
and the U, are all disjoint. Let U be the projection in D/G of the union of the G,,; then U is a
neighbourhood of the projection of x.

Observe, g7 (D) abuts D along s;; g;'g; ' (D) abuts g (D) along g '(s,); etc. The union of the
sets Uy, g7 (U>), g7'8; ' (U3) need not be a neighbourhood of x: the element h := g --- g7 may
be a nontrivial element of Stab; x mapping s; onto some other arc h(s;) eminating from x. Since no
two points of D are G-equivalent, either K™ (V) is disjoint from V, or is =

Thus the gluing of D induced by G does give R;.

4.2.4 Corollary. If D is a fundamental domain for G, and if z € D is the preimage of a marked point
of Rg, then either z is a vertex of D, or z is the fixed point on some side s of a side pairing transformation
gwith g(s) =s.
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]

Figure 4.2: Definition of U in case 2 of Theorem B23.

The construction of fundamental domains is, in general, difficult; the difficulty is usually property
(1). One useful result is the following

4.2.5 Theorem (Klein combination theorem). Let G;, G,, ... be Kleinian groups, with G = (G, ...).
Foreach j let D be a G j-packing, and suppose that D;UD; = Cforalli,j € N,i# j; suppose also that
D* = ﬂjeN Dj # . Then G is the free product of the G, D* is a G-packing, and G acts discontinuously
on UgeGg(D*)-

Proof. Beardon, thm 5.3.15. NS

We have a more general theorem for Fuchsian groups which we shall prove later on (Theo-
rem B377).

4.3 Bounds on Riley slices

‘We now place in context the brief discussions above, of Example BET13 and Example BZ273. We follow
essentially [29, section 2.2].

Let (f, g) be a Kleinian group, free on the two parabolic generators f and g. In order to study the
group, we conjugate f to have a fixed point at co and a translation length of 1, and conjugate g to
have a fixed point at 0. Thus we may pick representatives for f and g of respective forms

11 10

we write G, for (X, Y,). We shall see later (c.f. [2Y, top of p.75]) that if [X] and [Y ] are the maximal
parabolic conjugacy classes of G, then RGP is a 4-times punctured sphere (with certain additional

structure).
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270

Figure 4.3: The cardioids of Lemma B3

We define the (parabolic) Riley slice to be the moduli space of such groups:
Rpar. ={p€C: ﬁcp is a 4-times punctured sphere}.

In Example B43, we obtained a rough bound on %, ; namely, the space lies in the exterior of
the unit circle.

4.3.1 Lemma. If p lies in the common exterior of the cardioids
{rexp(i6) € C : r = +2(1 + cos6)},

(see Fig. @3) then the isometric circles of Y, and Y;l lie in the strip

1 1
S = . —= <R =1
{zeC 2< ez<2}

The region D inside the strip and outside the circles is a fundamental domain for G,,.
Remark. This lemma shows that each such G, is a classical Schottky group of rank 2.
Proof. Suppose p = r exp(if) lies outside both cardioids; then
(4.3.2) r > |2(1 +cos6)|.

Let I(Y,) denote the isometric circle of Y, so I(Y,) = S(—p~!,r™'); we have that Re(—p™') =
—r~! cos 6. In particular, I (Y,) lies in the strip S iff the following inequalities hold:

1
-5 < —rlcos@—rt=—r"1(14+cos8) < r>2(1+cosbd)

1
3> —rlcosf@4r1 < r>2(1—-cosb)
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The first inequality follows immediately from Eq. (B32); the second inequality holds since after
observing that the cardioid described by r = —2(1 + cos9) is identitical to that described by r =
2(1 — cos 0). Similar inequalities hold for I (Yp_l).

We now check that the region D is a fundamental domain. It is clearly open, in C by construction.
That it is a subset of Q (and hence open in Q) will follow from property (1) of Definition B21. Indeed,
for x € D let U be a ball about x; if gU N U # @ then gD N D # @, and hence by the cited property
we have g = 1. We now check properties (1) to (6) of Definition EZ2T.

1. This follows from Theorem EZ3 with G; = (X) and D; = S, and G, = (Y,)and D, = I(Y,,) U
I(Y,H.
2. For any z € Q, there is some n € N such that X"z € S: if X"z lies in
e

Remark. In fact, D = 8H? n E, where E is the Dirichlet region for Gp’ as defined in the chapter on
3-manifolds.

4.4 The Ford region

Suppose now that G is a Kleinian group with co € °°Q; in particular, oo is not a fixed point of any
element. For each nontrivial g € G, let D,y be the exterior of the isometric circle of g (that is, the
component of the complement of the isometric circle which contains o). Then the Ford region of

G is the set D := int ngeG\{l}Dg'
4.4.1 Theorem. The Ford region is a fundamental domain for G.

Proof. The set D is open by construction; condition (1) of Definition B2 then shows that D C Q (in
fact D C °Q). We verify now the conditions of Definition B2

1. Each nontrivial g € G sends the exterior of I(g) into the interior of I(g~1); hence gD lies in the
interior of I(g~')and gD N D = @.

2. Let z € Q. It follows from Corollary B3 that z lies in D, for all but finitely many g € G
(otherwise z is a limit point, namely the limit of co under some sequence of elements (g, ) of G
with z € Dy ).

NS
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Chapter 5

Palate cleanser: convexity theory in
hyperbolic space

In this chapter, we gather various results about convex subsets of hyperbolic space. We essentially
follow a mixture of [43, chapter 8], and the various papers collected in [[Z, 12].

5.1 The convex hull in general

We give some standard definitions and results which may be found in [IR].

5.1.1 Definition. A subset X C H" is hyperbolically convex or simply convex if, for any pair of
points x,y € X, the geodesic arc [x,y] lies in X. If X is, in addition, closed, a supporting hyper-
plane for X is a hyperbolic hyperplane P such that P N X # @ and such that X lies entirely in one of
the closed half-spaces determined by P. The half-space containing X is then labelled P* and is called
a supporting half-space for X; the other half-space determined by P is labelled P~. A face of X is
an intersection X N P, where P is a supporting hyperplane for X.

Let A C H" be closed; the convex hull of A, denoted h—conv A, is the intersection of the convex
sets containing A.

See Fig. Bl for some examples.

Observe that this definition is essentially the same as that for affine space (compare for instance
[I9, chapter 1]). The analogy is very strong, in particular we have a retraction map with similar
properties to the affine retraction onto a convex set. This analogy may be carried further, giving a
general axiomatic theory of convexity; see for instance [P7].

5.1.2 Theorem. Let X C H" be a closed convex set. Define the retractionr H3 > X by

.
y yEX;
the point of intersection of the largest hyperbolic € B3\ X:
Yy = q sphere centred at y with interior disjoint from X Y ’
the point of intersection of the largest horosphere

3
based at y with interior disjoint from X y € OH.

Then r is a continuous function such that for all x,y € H", d(rx,ry) < d(x,y) (we say that r is
distance-decreasing).

61
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Figure 5.1: Some hyperbolic convex sets, illustrating the variety allowed.

Proof. 1t is obvious by considering, for instance, the ball model of H" on which the Euclidean topol-
ogy and the hyperbolic topology agree, that r is continuous. If rx # ry, then let 1 be the oriented line
segment from ry to rx and let L be the oriented line determined by 4. Let 7 : H" — L be the orthog-
onal projection map; then 7x < rx < ry < my (indeed, it cannot be that 7x > rx: ifrx < 7x <ry
then 7x € X and so 7x is a point of X closer to x than rx, and if ry < zx then ry is a point of X
closer to x than rx; similarly we cannot have 7y < ry) and so since 7 is distance-decreasing we have
d(rx,ry) < d(zmx,7y) < d(x,y). N2

5.1.3 Proposition. Given anyy € H" \ X, where X is a closed convex set, there exists a support plane
P for X such thaty € P~.

Proof. Let S(y) be the sphere (either a hyperbolic sphere or a horosphere) which defines the value
of the retraction x := ry as in the displayed equation of Theorem BT. Let P be the tangent plane
to S(y) at x. We now show that P is a supporting hyperplane; it trivially has nontrivial intersection
with X and so it remains to show that X lies entirely in one of the closed half-spaces determined by
P. Suppose not; then there exists some x’ € X which lies on the same side of P as y. Let Q be the
plane spanned by x, x’, y, and let E be the hyperbolic circle Q n S(y) (Fig. E2). Observe that, since
P is tangent to S(y), the segment [x, x’] (which is contained in X by convexity) passes through the
interior of E, and so there is some z € X with d(y, z) < d(y, x), a contradiction. NS

5.1.4 Corollary. A closed X C H" is the intersection of its supporting half-spaces.

Proof. Suppose y € X; then y € P~ for some supporting plane by Proposition 513 and thus y does
not lie in the intersection of the supporting half-spaces. nZ

5.1.5 Corollary. A closed X C H" is the intersection of countably many of its supporting half-spaces
(hence has only countably many facets).

Proof. Let {y;} be a countable dense subset of H" \ X; then it suffices to take seperating planes for the
y; only in the proof of the previous Corollary ET4. (Indeed, any element x not in X may be approxi-
mated by a sequence of the {y;}, and the sequence of seperating planes generated by the subsequence
will in the limit be a seperating plane for x.) =
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Figure 5.2: Illustration for the proof of Proposition B13.

The above Corollary B3 shows that a convex hull of a closed set will consist of countably many
‘flat’ pieces seperated by possibly uncountably many ‘pleats’ or ‘bending lines’; refer back to Fig. Bl
for an illustration of these.

A hyperbolic subspace of H" of dimension m (0 < m < n) is the intersection (in the ball model)
of a Euclidean sphere S™ or m-dimensional hyperplane orthogonal to S*~! with H". If X C H", then
the smallest hyperbolic subspace containing X is known as the span of X. The (topological) interior
of X as a subset of its span is the relative interior relint X. We define the dimension of a convex
set is the dimension of the hyperbolic subspace it spans. We say that a closed convex X C H" is full
ifdimX = n. If a face of X is 1-dimensional, we call it an edge. If a face has dimension dimX — 1,
we call it a facet.

We say that m points in H" are in general position if they span a hyperbolic subspace of dimen-
sion m. A m-simplex is the hyperbolic convex hull of m points in general position.

5.1.6 Lemma. Let A = h—conv{xy, ..., X,,} be a hyperbolic m-simplex spanned by the x;. Thenrelint A #
@.

Proof. Proceed by induction on m; the smallest nontrivial case is the case m = 2, in which case the
points x; and x, are distinct points and so [x;, X,] has non-empty relative interior. In the general case,
there is a point y € relinth—conv{xy, ..., x,,_1 }; then [x,,, y] lies in relinth—conv{xy, ..., x,,,}. »=

5.1.7 Theorem. Let X be a full closed convex subset of H". Then X has non-empty interior, and X N
H" is a manifold with boundary homeomorphic to dH" \ X and interior homeomorphic to an open
(Euclidean) ball.

Proof. Since X is full, there are n points in the interior of X which are in general position. These
points form the vertices of an n-simplex and such a simplex has non-empty interior by Lemma BTA.

Pick an arbitrary x, € intX, and let U be an open ball about x,. For v € dH", let R, be the
hyperbolic ray from x, to v. This ray meets dX in exactly one point, and the function sending v to this
point is a homeomorphism from dH" \ X to X N H"; in a similar way we define a homeomorphism
from H" tointX n H". A=
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Recall, a path ¢ : [0,1] — X in a metric space (X, p) is rectifiable if the limit

inf Z d(a(§i-1, &)

i=1

(where the infimum is taken over, for all n € N, the set of finite sequences (&, ..., §,) where £, = 0
and £, = 1) exists and is finite.

We see that X NH" is a manifold-with-boundary, and so the connected components of the bound-
ary are path-connected. Further, each pair of points may be joined by a rectifiable path.

5.1.8 Lemma. Let X be a closed convex subset of H"; let x and y be points in the same component of
0X N H". Then there is a rectifiable path joining x and y.

Proof. Pick a point z in the interior of X. Let R, : Ryq — H" be the ray from z through x such
that R, (1) = x and lim,_,, R,(¢) is on H"; similarly define a ray R, from z through y such that
R, (1) = y. Observe now that R,(37) and R,(37) lie in H" \ X and retract to x and y respectively. Both
of these lie in the same connected open subset of H” so there is a rectifiable path joining them; since
r is distance-reducing this path retracts to a rectifiable path in 0X n H". =

Remark. The point of the proof is that it is a standard fact that we may find rectifiable paths in open
path-connected subsets of H", but in arbitrary non-open path-connected subsets it might be the case
that the paths between two points are wild. (Example?)

We may therefore define a metric dg on each component S of X N H": namely, send (x, y) to the
infimum of the lengths of rectifiable paths from x to y.
Next we define the notion of ‘open neighbourhood’ which will be useful in the sequel.

5.1.9 Definition. Let x, v be distinct points in Hr and lete,§ > 0. The open shell Sh(x, v, ¢, d) is
the intersection of L
{y e H" : |d(v,y) —d(v,x)| <&}

— that is, the two-sided e-neighbourhood of the sphere centred at v through x — and the hyperbolic
cone with vertex v, axis the ray from v to x, and vertex angle §. We call x the centre of the shell, and
v the vertex of the shell.

5.2 Foliations and laminations

Let A be a closed subset of S*~!, and consider the convex hull h—conv A N H" (see Fig. E3). The
edges of this convex hull are geodesics in H"” which are eventually parallel and tend to (missing)
points on S*~!. The ‘flat pieces’ between the edges are curved inwards, and so we obtain a structure
not unlike that of folded — more precisely, pleated — papers. In addition, the patterns look like they
are obtained by gluing layers of wood back to back (the edges being the glue layers and the flat pieces
being the wood panels end-on), and so we call them lamination patterns. In this section, we make
these notions precise.

A pseudogroup on a topological space X is a system € of homeomorphisms between open sets
of X such that

1. {dom f : f € €}is an open cover of X;
2. € is closed under restriction to open subsets of domains;

3. € is closed under compositions whenever they are defined;



5.2. FOLIATIONS AND LAMINATIONS 65

Figure 5.3: The convex hull boundary of a closed subset of S*~1.

4. if f : U — V is a homeomorphism between U,V C X open, and U is covered by open sets
{U,} such that for each « the restriction fy;_liesin %, then f itself lies in &.

(Observe that this is not unlike the definition of a sheaf on X.)

5.2.1 Definition. If € is a pseudogroup on R", then a topological space X is a ¢-manifold if X is a
manifold which admits an atlas whose transition maps lie in €.

5.2.2 Example. 1. If Jrivaf isthe set {1y : U open in X} then an J#iviat -manifold is a set of
discrete points.

2. If Jopn is the set of all homeomorphisms between open sets of R” then the notion of a Ton-
manifold is equivalent to the usual definition of topological manifold.

3. If 6" is the set of all homeomorphisms between open sets of R" which are of class C", then we
obtain €"-manifolds (differentiable manifolds of class C"); if r = co we obtain smooth mani-
folds; and if r = w (i.e. we allow only analytic maps) then we obtain real analytic manifolds.

4. Let Gonf be the set of all homeomorphisms between open sets of R? which are also biholo-
morphic maps with the induced complex structure obtained by identifying R? with C in the
usual way; then Bonf-manifolds are Riemann surfaces.

Write R" = R" K xRk, and let € be a pseudogroup generated by diffeomorphisms between open
subsets of R” with the property that the second k components do not depend on the first k: that is,
elements of € are homeomorphisms ¢ : R* ¥ x R¥ 2 U — v € R" ¥ x R¥ such that there exist
¢ 1 U—-VnR*¥ and ¢, : UnRK - V n Rk such that

(5.2.3) $(x,y) = ($1(x, ), $2())

for all x € R" %,y € R¥ (so ¢ ‘takes horizontal factors to horizontal factors’). Equivalently, the
Jacobian of ¢ always takes block form with the zero matrix in the lower-left quadrant.

A G-structure on a manifold M is called a foliation on M. A leaf is the inverse image, for some
y € R¥, of R"* x {y} under a €-chart on M.
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Figure 5.4: The Hopf fibration of S3. Figure from [21, p. 175].

5.2.4 Example. The trivial dimension-k foliation of R" is the G-structure on R" such that G is the
largest pseudogroup satisfying the foliation conditions. The leaves are the additive cosets of R¥ in
R".

5.2.5 Example. A codimension-1 foliation of the figure 8 knot complement is depicted as Fig. B2

above.

5.2.6 Example. The famous Hopf fibration is a codimension-1 foliation of the 3-sphere; see Fig. B4
and a codimension-2 version at https://www.youtube.com/watch?v=AKotMPGFJYXk.
5.2.7 Example. The Reeb foliation is a codimension-1 foliation of the 3-sphere; see Fig. B3.

To round off the discussion of foliations, we list some major results in the field.

« A manifold M has a codimension-1 foliation iff y(M) = 0 (Thurston, 1976);

« No foliation of S* by surfaces is real analytic (Haefliger, 1958);

« Every codimension-1 foliation of S® has a leaf which is a torus (Novikov, 1965).

5.2.8 Definition. A lamination L on a manifold M is a closed subset A C M (the support of L)
together with a local product structure on A: that is, there is a family of open sets {U;} of M which
cover A, together with charts ¢; : U; — R" % x R¥ for each i, such that ¢;(A N U;) = R"* x B
(B C R¥) for each i, and such that the transition maps are of the form

(5.2.9) ¢i¢j_1(X, y) = (f1,j(x,¥),8,;(»)

foralli, j and for all x € R"* y e B.

Comparing Eq. (E239) to Eq. (223), we see that a lamination is, in some sense, a foliation of a
closed subset of M. We define leaves analogously, as ‘horizontal slices’ of A.


https://www.youtube.com/watch?v=AKotMPGFJYk
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Figure 5.5: The Reeb fibration of S3. Figure from https://www.ms.u-tokyo.ac.jp/~tsuboi/
showroom/public html/animations/gif/stereograph40/stereograph4034i.html.



https://www.ms.u-tokyo.ac.jp/~tsuboi/showroom/public_html/animations/gif/stereograph40/stereograph4034i.html
https://www.ms.u-tokyo.ac.jp/~tsuboi/showroom/public_html/animations/gif/stereograph40/stereograph4034i.html

68 CHAPTER 5. PALATE CLEANSER: CONVEXITY THEORY IN HYPERBOLIC SPACE

5.2.10 Example. Let K C M be a closed subset of a manifold M with foliation; then the closure of
the set of leaves of the foliation which intersect with K is a lamination on M,

5.2.11 Example. The closure of any submanifold is a lamination with a single leaf.

A geodesic lamination is a lamination on a hyperbolic surface in which each leaf is a geodesic
arc.

5.2.12 Lemma. A geodesic lamination on a surface is precisely a disjoint union of geodesics on the
surface. =

5.3 Pleated surfaces

Let M be a hyperbolic 3-manifold. A pleated surface in M is a complete hyperbolic surface S to-
gether with an isometric map f : S — M (to be more precise, the map f is isometric onto the
intrinsic metric of the image f(S), not isometric with respect to the ambient metric of M — this is
clearly the property we want, if we think of f as a map which ‘folds up’ S: we wish distances to be
preserved if we walk along S, but in general the distances if we allow ourselves to move off f(S) and
through M will be smaller than the distances we walk if we restrict ourselves to f(S)) such that every
point s € S lies in the interior of a geodesic in S which is mapped by f to a geodesic arc in M, and
such that f is homotopically incompressible (that is, f, : 7;(S) — 7;(M) has trivial kernel — the
embedding does not trivialise loops even if we allow deformation through M).

Given such a pleated surface (S, f), the pleating locus is defined to be the set of points s € S such
that only a single geodesic through s which is mapped to a geodesic arc with respect to the metric of
M. The connected components of the complement of the pleating locus are called the flat pieces of
the pleating.

Recall that a map f : X — Y of Riemann manifolds is totally geodesic if, for all geodesics
a C X, the image f(a)is a geodesicin Y.

The following lemma is geometrically evident.

5.3.1 Lemma. If (S, f) is a pleated surface in M, then the pleating locus of the system is a geodesic
lamination in M.

Proof. We shall write dg for the intrinsic metric on S and f(S), and d,, for the metric on M. Hence
ds(x,) = dg(f(0), f) = dy(f(x), f) forall x, y € S.

Let y be the pleating locus of the system. If x ¢ y then there exist two transverse geodesics
through x; pick a and b points on one and c and d points on the other, such that a < x < b and
¢ < x < d with respect to an orientation of each geodesic and such that the geodesic arcs [a, b] and
[c, d] lie in the same flat piece IT as x. Let O be the angle at x of the triangle axc; then the angle
at x of bxc is 7 — 6. Thus, in S, we have the triangle indicated in Fig. BA. Since dy,(f(a), f(x)) =
dg(a, x), dy(f(c), f(x)) = dg(c, x), and dy(f(a), f(x)) < ds(a, x), the angle at f(x) of the triangle
f(@)f(x)f(c) is at most 6. By a similar argument, the angle at f(x) of f(c)f(x)f(b) is at most = —
0. But these angles must add to 7z, and so both inequalities must in fact be equalities; that is, f
preserves angles at x, thus dy(f(a), f(x)) in fact equals dg(a, x), and so f maps the geodesic [a, c]
to the geodesic [ f(a), f(c)]5s (the subscript denoting that this is a geodesic with respect to the metric
of M): so f is totally geodesic in a neighbourhood of x in S; and this neighbourhood must therefore
lie entirely in IT, so IT is open and y is closed.

It remains only to show that if x € y then the (unique, by definition) geodesic arc containing x
which is mapped to a geodesic in M by f is in fact a complete geodesic. Let o be the maximal geodesic
arc containing x with the property that f« is a geodesic in M; we show that a is complete. If not,
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> b
Figure 5.6: Action of f on flat pieces in the proof of Lemma B3

has an endpoint a; let b be a point on « on the opposite side of x to a. Observe that a € y (otherwise,
S\ 7 could not be open) and so there is some geodesic arc containing a in its interior which is mapped
by f to a geodesic arc in M; say this arc is [c, d]. Observe that [c,d] N a = {a}, otherwise a portion
of [c,d] could be glued onto a to form a geodesic strictly containing . This situation is depicted
in Fig. B2. By a very similar argument to the paragraph on flat pieces, applied to the triangles acbh
and adb in that figure, we see that f maps [b,c] to the geodesic [ f(b), f(c)]ys and maps [b,d] to
[f(b), f(d)]py- Hence f acts to preserve geodesics on each side of acb and adb; thus in particular f
preserves the geodesic [c, d] which contradicts uniqueness of a preserved geodesic through a. %=

5.3.2 Example. The geodesics on the 2-torus depicted in Fig. B8 form a lamination. If they cover
the whole 2-torus, then the lamination is in fact a foliation.

N

Figure 5.7: Action of f on geodesics in the proof of Lemma B3.
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Figure 5.8: A geodesic lamination on the 2-torus.

5.4 Roofs, and their lowering

In this section, we prove various results on finite approximations to convex hulls: we follow [IR,
sections 1.8 to 1.10].

5.4.1 Lemma. Suppose P,, P,, and P; are hyperbolic planes without a common point of intersection
that pairwise intersect transversely. Let C1, C,, and C3 be the respective intersections of the planes with
the sphere at infinity. Then, either

1. the C; have no common intersection point: in this case, there is a unique circle C* orthogonal to
each of the C; which determines a plane P* orthogonal to all the P;, and the three lines P* N P;
determine a triangle in P* such that the vertex angles of the triangle are the dihedral angles between
the various P;; or

2. the C; have a common intersection point {: in this case, if o is any horosphere based at {, then
the three curves o N P; determine a Euclidean triangle in o with vertex angles the dihedral angles
between the various P;.

Proof. [I8, lemma 1.10.1] nZ

5.5 Pleating properties of the convex hull

Let A be a closed subset of S"~1; for convenience we write S for d h—conv A N H".
Our main result (which is theorem 1.12.1 of [1]) is the following.

5.5.1 Theorem. The boundary S is a pleated surface, with pleating locus the set of edges of h—conv AN
H" (until we have proved that these indeed form a pleating locus, we will call these edges the bending
lines of the surface).

Proof. We show that S is a complete hyperbolic surface. We begin by showing that for each x € S
there is an open neighbourhood of x isometric to an open set in H2. If x lies in a flat piece of S, this
is trivial. Assume therefore that x lies on a bending line [ of S. Let U be a shell in H" centred at X;
we show that U’ := U N S may be mapped isometrically into H.

Fix orientations of [, H2, and H>. As noted above we may orient S such that the ‘positive’ side
contains the interior of h—conv A. Fix also an isometric embedding g : [ — H?, and let I be the
image of [ under this embedding with the induced orientation. We will defineamap g : U’ — H?
which will extend this embedding and ‘unfold’ the bending line ! while preserving orientation.
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Figure 5.9: A bad choice of points for a polygonal approximation.

Definition of g. Let y;,y, € I n U be distinct points. Given z € U’, define gz to be the unique
point in H2 which lies on the correct side of I’ and such that

d(gz, gy,) = ds(z,y1), andd(gz, gy,) = ds(z, y,).

Checking that g is an isometry. The proof that g is an isometry is technical: the idea is to con-
struct a sequence S,, of approximations to S about [ which have finitely many facets; letting g,, be the
embedding constructed similarly to g but for S, rather than S, we see that each g, is an isometry and
so since g,, — g we have that g is an isometry. (One additional technical point is that the intrinsic
metric is equivalent to the restriction of the H> metric, so this argument works.)

Checking that S is complete. If (x,) is Cauchy with respect to the metric dg, then (x,) is also
Cauchy with respect to the hyperbolic metric in H3 and hence converges; since S is closed in H3, the
limit of (x,,) with respect to the hyperbolic metric lies in S; since the hyperbolic and intrinsic metrics
are equivalent, we are done. nZ

We place a transverse measure on the pleating locus of S: in this context, a transverse measure
on the pleating locus is a regular measure (see Appendix B) defined on the set of embedded intervals
in S which are transverse to every bending line that they meet.

For x € S, let m(x) be the set of oriented supporting hyperplanes at x, and let

Z(S) ={(x,P(x)) : x € S,P(x) € m(x)};

there is a natural topology on Z(S), namely that induced as a subspace of H> x G,(H?).

Any path in Z(S) projcts to a path in S; conversely, if w is a path on S then we may extend it to
a path in Z(S) (namely, lift x € w to a path joining (x, P) to (x, Q) where P and Q are the extreme
supporting hyperplanes at x).

Suppose that w : [0,1] — Z is such a path; a polygonal approximation to w is a choice of
a partition 0 = ty, < t; < --- < t, = 1 such that, if P; denotes the second component of w(t;),
P; N P;,, # @ for each i (this to avoid badly-behaved approximations like that of Fig. E9). We denote
such an approximation by the sequence (w(t;) = (x;, P;));, of pairs, so a polygonal approximation
to a curve in S is precisely a choice of finitely many points on the curve and a finite non-empty set of
supporting hyperplanes at x; for each i such that each point of the curve has a roof over it.

For each i, let §; be the absolute value of the angle between the outward normals of P;_; and P;.
Then the bending measure 3(w) is defined to be

n

B(w) = inf ) 6;

i=1

where the infimum is taken over all polygonal approximations to w.
That 8 is indeed a measure is proved in [IX, theorem 1.11.3]:
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5.5.2 Lemma. The bending measure is indeed a transverse measure. =



Chapter 6

3-manifolds

In this chapter, a Kleinian group is a discrete subgroup of Isom™ (H™).

6.1 Homotopy

We recall some standard facts from algebraic topology, see for instance [33, chapter 12].

Let X be a topological space; a continuous map q : X — X is called a covering map if X is
connected and locally path connected, and if for all x € X there exists a neighbourhood U of x such
that g~!(U) is a disjoint union of connected open subsets of X called the sheets of the covering over
U, with the property that each sheet is homeomorphically mapped onto U by gq.

Given such a covering map, an automorphism or deck transformation of g is a homeomor-
phism f : X — X such that qf = q. The set of all automorphisms under composition forms a group,
Aut, X.

A covering map q : X — X is normal or regular if the induced subgroup g.,.7;(X, x,) is normal
in m;(X, q(x)) for some x,. This is equivalent to the subgroup being normal for all choices of x,
([B3, proposition 11.35]). The map q is said to have the homotopy lifting property if for all maps
f 1 Y = X and for all homotopies f; of f = 7 f in X there exists a homotopy f; of f in X lifting the
homotopy f;.

An action of a group I on a space X by homeomorphisms is called effective if the homeomor-
phism f, : X — X fory € T defined by f,(x) = gx is the identity iff y = 1;i.e. ify =1 <
ViexyXx = X.

6.1.1 Theorem. LetX be a locally path-connected space and let T act on X effectively. Then the quotient
7 : X - X /Tisa covering map iff the action is freely discontinuous. In this case, 7 is a normal covering
map and Aut,(X) =T. n=

Remark. Observe that in the surface case we studied previously, this theorem applies only to the
quotient °Q /T and not to the more general case R = Q/T; the problem is that in the latter case we
obtain branch points and so we get a branched cover and an orbifold.

We now apply this theory to some examples, following [43, section 8.1].

6.1.2 Lemma. IfT is a non-elementary Kleinian group and I’ < T is a nontrivial normal subgroup,
then A(T") = A(T).

Proof. Observe that I” is infinite (suppose not; by normality, T leaves invariant Fix»(T), in particular
since I” is finite it is of elliptic type and so Fixy«(T) is non-empty and finite, thus T has a finite orbit

73
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Figure 6.1: A figure 8 knot diagram.

in H" and so is elementary which contradicts the hypotheses). Hence by compactness of H” the limit
set A(T”) is nontrivial. By normality, yA(T”) C A(I"), and hence by part 2 of Theorem B321 we have
A(T) € A(T"). The opposite inclusion is trivial. )=

6.1.3 Example. Let M be a hyperbolic surface. Then 7;(M) is a group of isometries of a plane in H>:
indeed, by the Klein-Poincaré theorem (Theorem EI-7) we have that M ~ M /T for some Fuchsian
group I and by Theorem B0 we have ' ~ 7r;(M). In this case, 771(M) has a limit set contained in a
circle (it is Fuchsian).

6.1.4 Example. If M is a closed hyperbolic 3-manifold, then 7r; (M) is a Kleinian group with limit set
€. This will follow from the fact which we shall prove later (Corollary 62-7) that, for every hyperbolic
3-manifold M, M ~ H?3 /T for some Kleinian group I', and dM ~ Q(T)/T; for the latter set to be empty
we must have Q(T') = ¢ and thus A(T) = C.

Suppose that M is closed and fibred over the circle (i.e. there exists g : M — S! a covering map
with the homotopy lifting property). Intuitively, this means that M may be spanned by a union of
2-dimensional surfaces parameterised continuously by a point on the circle. In this case, the funda-
mental group of the fibres is a normal subgroup of 7;(M) (why? does this follow from the algebraic
topology?) and so by Lemma BT has limit set equal to that of ;(M); by the previous paragraph,
this is C = S2.

6.1.5 Example. Let k be the figure 8 knot — that is, the knot with diagram depicted in Fig. B —
and let M = R3 \ k. We find, using standard techniques, that

7.(M)=(A,B : ABA"\BA = BAB"1AB)

(see, e.g., [9, example 3.8]). This manifold fibres over S': the fibres are the Seifert surfaces of the
knot (see Fig. B2), which may be shown to have genus 1 (though this is not intuitively clear, see [])
and thus by standard surface theory each fibre is a punctured torus, F. A computation shows that
m1(F) = (AB~1, A71B) (see, e.g. [9, theorem 4.6]). By the previous example, the limit set is S2.

6.2 Developing maps and holonomy

We follow [44, section 3.4] and [38, section 8.4].
Let X be a connected real analytic manifold (that is, X is an ‘€“-manifold as described in Exam-
ple B272), let G be a group of real analytic diffeomorphisms on X, and let M be a (G, X)-manifold.
Fixa point x, € M, and lety : [0,1] - M be a curve in M with y(0) = x,. The image of an initial
segment of y may be lifted to X via any chart around x,; our goal is the ‘extension’ of this lifting along
the length of X. To do this, we will pick a chain of charts (U, ¢g), ..., (Up—1, $,—1) along y and then
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Figure 6.2: A fibration of the knot complement of the figure 8 knot. Figure from [T, p. 159].

‘adjust’ each so that their images in X match up (Fig. 63d). We will need to do a bit of work to ensure
this is well-defined.

Since the image of y is compact, there exists a partition 0 = ¢y < t; < --- < t, = 1 of [0, 1] such
that, for each 0 < i < n, the image y|[t;, t;,] lies within a single chart, (U;, ¢;). For each such i there
is an element g; € G which locally agrees with the transition map

$iti - bir1(Uipr NU) = ¢i(Ui NU;
as usual, in what follows we will identify the transition maps and the group elements whenever we
are working locally in a chart.

Observe that ¢;y Mtitial and gi¢; 17 I are curves in X, and that they agree at ¢;,;:

i+1:lis2]
8iBir1Y Nepyy 1101 (it1) = D Die1¥ Moy Giv) = B Nty 01 i)

In particular, we may glue these curves together in X to form a continuous curve 7 : [0,1] — X by
the rule
Po¥ Nig 1] t € [to, 1]

2t = 80P1Y Miy i) t € [ty,15]

8o "'gn—2¢n—17r[tn71,zn] te [tn—l’tn]-

The curve 7 is called the analytic continuation of ¢,y along y, and the chart gy --- g,_>$,_1 is
called the analytic continuation of ¢, along y; a priori the result depends on the choice of charts ¢;
about each segment of the partition of [0, 1], and on the choice of the partition (¢;). The following
lemmata show that there is no such dependence.

6.2.1 Lemma. Ify : [0,1] > M isa curvein M with y(0) = xq, a partition0 =ty < t; < --- <t, =1
of [0, 1] is chosen as above, and for each i there exists a pair of charts (U;, ¢;) and (V;, ;) with Uy = V
and ¢ = g such that y[t;, ;1] is contained in both ¢;(U;) and ¥;(V;), and y and 7, are the analytic
continuations obtained with respect to the respective charts, then 74 = 7.
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Proof. For alli, let g; := ¢;¢. - and let h; = ¢;3p;’}. Given i, both U; and V; contain y[t;, t;11] and
hence it suffices to show that, on U; NV,

8o 8i—1$i = ho -+~ hiq¥Y;.

We proceed by induction on i. The case i = 0 is by hypothesis; suppose that g, --- g;_,¢;i_1 =
hg -+ hi_>¥;_1.. The inductive step will follow from rigidity of real analytic functions, which we state
as a lemma:

Lemma. Iff,g : U —» R™ (U open in R") are analytic and agree on an open subset of U, then they
agree everywhere. Nz

Indeed, let f; € G be the group element locally agreeing on ¢;(U; N V;) with the ‘automorphic
transition’ zpl-qbl,_l. By inductive assumption, this transition map equals

Pi(ho - hi_x%;_1) 71 (go - gi—2¢i—1)¢i_l = ¢i¢i__11hi__12 h(;lgo - GiaPi 19
on ¢;(U;_1 N U; NV;_1 NV;). On the same set we have the equality
Wi "D - by (go -+ 8o (Bimab ) = KT - hy o - g1y
by definition of g;_; and h;_;. In particular, f; locally agrees with
¢i¢i—_11hi__12 halgo GiaPi1$i = hi__ll hglgo - 8i-1-

Hence by the internal lemma above, f; = hl._1 o hy lg,---g;on U; N V;. In particular, in U; N V; we
have

8o+ 8im1bi = (ho - hi—)(hg - hi_1) 7 8o -+ 8im1¢i = (ho -+~ hi—) fipi = (ho -+ b)Y
as was to be shown. b\

6.2.2 Lemma. Ify : [0,1] — M is a curve in M with y(0) = X, and partitions 0 = ty < t] < --+ <
t, =1and0 = sy < 51 < --- < 8, = 1 0f [0, 1] are chosen as above, and 7, and y, are the analytic
continuations obtained with respect to the respective partitions, then y, = ;.

Proof. Pass to the partition {t;} U {s;}; this partition must give an analytic continuation equal to both
7: and 7. A=

Finally, we show that analytic continuation is independent of homotopy.

6.2.3 Theorem. Lety,7n : [0,1] — M be curves in M such that y(0) = 1n(0) and y(1) = n(1). If y and
7) are homotopic with fixed endpoints in M, then 7 and 1j are homotopic with fixed endpoints in X.

Proof. Az

Recall that we may view the universal cover M of the manifold M as the quotient of the space
of all curves y : [0,1] —» M with y(0) = x, (Where X, is a fixed basepoint on M) by homotopy
equivalence with fixed endpoints; the projection of a homotopy class [y] is 7([y]) := y(1).

For fixed basepoint x, and fixed chart ¢, about x, the developing map is the mapD : M — X
which, around each [y] € M, agrees locally with the germ of the analytic continuation of ¢, along y.
This is locally a (G, X)-diffeomorphism.
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(a) Charts along a curve.

(b) A curve on a torus and its analytic continuation in R?

Figure 6.3: Analytic continuation along a curve.
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Figure 6.4: Euclidean torus development (Example bZ4).

Figure 6.5: The torus as an affine quotient of R? \ {0}.
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70
4.;;._;:

Figure 6.6: Affine torus development (Example B23). Figure from [24, figure 3.17].

6.2.4 Example. Consider the quotient R? /T where I'is the group of affine transformations generated
by (x,y) — (x +1,y) and (x,y) — (x,y + 1).This quotient is homeomorphic to the torus T (Fig. B4)
and so T may be given the structure of an (Isom(R?), R?)-manifold. Picking a point x, € R? (which
is the universal cover for T) we see that the developing map sends the coordinate rectangles in R? to
themselves: the development is the standard rectangular tiling of R2.

6.2.5 Example. Consider the quotient (R? \ {0})/T where T is the group of affine transformations
generated by x — 2x. This quotient is homeomorphic to the torus T (Fig. B3) and so T may be given
the structure of an (Aff(R?), R?)-manifold. Picking a point x, € R? (which is the universal cover for
T) and noting that the universal covering map 7 : R? — R? \ {0} is given by x + yi — exp(x + yi),
we see that the developing map sends the coordinate rectangles in R? to the ‘logarithmic spiral’ of
Fig. BA.

Let o now be a loop on M, with basepoint x,. Pick ¢, a chart around x,; we may use analytic
continuation to find a second chart ¢7 about x,. Since ¢; and ¢, are compatible charts, there is an
element g, € G with the transition property ¢5 = gopo. If T : 71(M, xo) = 71(M, X) is the map
B — af then we have a commutative square DT, = g, D.

We now have a homomorphism H : 7;(M) — G sending o — gg; this is the holonomy map
of M (which depends on x,, but only up to conjugacy in G). The image H(7r;(M)) is the holonomy
group.

We say that M is a complete (G, X)-manifold if the developing map is a covering map. If M is
complete and X is simply connected, then the map D sets up an identification M = X; in fact:

6.2.6 Theorem. IfG is a group of analytic diffeomorphisms on a simply connected space X, and if M is
a complete (G, X)-manifold, then there is a canonical (up to G-translation) identification M =G x).diffeo.
X /T, where T is the holonomy group of M.

Proof. Ratcliffe 8.5.9 =

6.2.7 Corollary. Let M be a complete hyperbolic manifold; then M =y, gieo. X /T for some Kleinian
group T". A
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Remark. The above theory can be extended to orbifolds: the analogen of Theorem B=2A is [BX, theo-
rem 13.3.10].

6.3 Hyperbolic convexity

We follow [43, section 8.3]

6.3.1 Definition. A complete hyperbolic manifold with boundary M is convex if each path in M is
homotopic to a geodesic arc.

6.3.2 Example. For submanifolds of H", this is equivalent to the usual definition of convexity.

6.3.3 Proposition. The manifold M is convex iff the developing map D : M — H" is a homeomor-
phism onto a convex subset of H".

Proof. Suppose that D(M) is convex. If « is a path in M, then « lifts to a path & in M; by convexity of
D(M) ~ M, & is homotopic to a geodesic arc in M; then the projection of this arc is a geodesic arc in
M homotopic to a.

Conversely, suppose that M is convex. Recall that D is a local homeomorphism, so it remains to
show that D is injective and that D(M) is convex. Let x,y € M. There exists a path joining 7zx and
7y in M which (by convexity) is homotopic to a geodesic arc; by the lifting property; this path lifts to
a geodesic in M joining x and y; and D sends distinct endpoints of a geodesic to distinct points in H".
Finally suppose « is a path in D(M); then there is a lift of & in M which is homotopic to a geodesic;
and the image of this geodesic under D remains a geodesic. A=

We say that M is locally convex if each x € M has a neighbourhood isometric to a convex subset
of H". Clearly convexity implies local convexity. The converse is also true, but is less trivial:

6.3.4 Theorem. If M is locally convex, then M is convex.
Proof. Omitted, see [43, pages 8-10 and 8-11], or [[I, corollary 1.1.3.7]. nZ
Hence, if T is Kleinian, the quotient H" /T is a
« complete
« convex
« hyperbolic
+ 3-manifold
« with non-empty boundary.

Given M a convex manifold, define the convex core H(M) to be the intersection of the subman-
ifolds N C M such that the canonical map 7;(N) — 7;(M) is an isomorphism. This is canonically
identified with (HA(7r1(M)))/71(M) (see also [BR, p. 634]).

6.3.5 Proposition. IfM is a compact convex hyperbolic manifold, then there exists € > 0 such that any
continuous deformation of M within an e-neighbourhood of M can be enlarged in a small neighbour-
hood to give a convex hyperbolic manifold homeomorphic to M.

Proof. Omitted, see [43, proposition 8.3.3], or [0, section 1.2.5]. A=

A manifold is strictly convex if every geodesic arc in M has interior a subset of int M.
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6.3.6 Proposition. Let M; and M, be strictly convex manifolds, and let ¢ : M; — M, be a homotopy
equivaence which is a diffeomorphism on dM;. Then there exists a quasi-conformal homeomorphism
f : B" - B" conjugating w1 M, to w M,.

Proof. Omitted, see [23, proposition 8.3.4]. A=
6.3.7 Definition. Now let I be an arbitrary Kleinian group, acting naturally on H". We define

1. My := (h—conv A(T"))/T (the convex hull quotient manifold);

2. Nr := H"/T (the complete hyperbolic manifold with boundary);

3. Or:= (H" u Q(I"))/T (the Kleinian manifold);

Let W C P" be the set of points dual to planes in H" which have intersection with S”~! con-

tained in Q(T).
4 Pr:=(H"UQ()UWrp)/T (the completed Kleinian manifold).

Observe that H(Nt) = Mr C Nr C O C Pr; that M, N, Or are homotopically equivalent; that
Mt ~pomeo. Or €xcept in degenerate cases; and that Np = int Or.

6.4 The geometry of h—conv A(I)

We follow [43, section 8.5].

IfK C S%!is closed, then h—conv K is convex but each point on d h—conv K lies on a hyperbolic
geodesic segment in 0 h—conv K. Thus, d h—conv K develops to a hyperbolic plane. If I is torsion
free then the hyperbolic structure projects well:

6.4.1 Proposition. IfT is a torsion free Kleinian group, then OMr is a hyperbolic surface. =

Observe that M is not flat (=is not a hyperbolic plane). Let y C 0Mr be the set of points not in
the interior of a flat region of M; we call y the bending locus. Some properties:

« For all x € y, there exists some g, a geodesic on dMr through x (Fig. B72).
« yisclosed.
« If the area of My is finite, then y is compact.

This places a lamination structure on dMr: the bending locus y is the support of a geodesic lam-
ination.

6.4.2 Theorem. The set y is not the entirety of S := M (in fact, it is measure 0).

Proof. Observe that S\ y is a union of surfaces {S;} bounded by closed and/or infinite geodesics; each
of these can be doubled along the boundary to a complete hyperbolic surface. The area of each S; is
bounded below by 7 — this follows from the Gauss-Bonnet theorem ([BR, theorems 9.3.1 and 9.3.2]).
Indeed, a complete manifold M (like the doubled surfaces) satisfies x area(M) = 27 y(M). In this
case, x = —1 and y(M) < 0, so area(M) > 27. Since we doubled the S; to obtain each M, we have
area(S;) > r for all i.

Thus the number of components of S \ ¥ is bounded above by 2| x(S \ 7)|:

27| x(S\ y)| = area(S \ y) = Z area(S;) > w(number of components of S \ y);
i

We use the following lemma for a surface S with geodesic lamination supported on a set y:
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Figure 6.7: The pleated boundary of a convex hull quotient.

Lemma. y(S) = % x(S — y doubled).

But again from Gauss-Bonnet, y(S) = —area(S)/27 and y(S \ y) = —area(S \ y doubled)/27 =
—area(S \ y)/m; thus substituting into the lemma we have — area(S)/27 = —area(S \ y)/27, so the
measure of y is 0. )=
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Chapter 7

Geometrically finite groups

For this chapter, see [B4, chapter VI], [38, chapter 12].

Recall that we defined 3-manifolds related to a Kleinian group in the previous chapter. We wish
to restrict further to groups with ‘finite tiling’ actions; that is, each tile meets only finitely many
others. More precisely, we wish the fundamental domains to be the interior of a shape made up of
only finitely many hyperbolic line segments.

7.1 Fundamental polyhedra

7.1.1 Definition. Let G be Kleinian. An open polyhedron D C H? (i.e. the intersection of countably
many hyperbolic open half-spaces {U;};cn) is 2 fundamental polyhedron for D if the following
criteria hold:

1. For every K C H? compact, only finitely many of the 0U; meet K;
2. For every g € G nontrivial, g(D)NnD =@ ;
3. For every x € H?, there isa g € G with g(x) € D;

4. For every side s of D there is a side s’ of D and an element g, € G with g,(s) = s'; further,
(s"Y =sand gy = g; .

5. Any compact K C H? meets only finitely many G-translates of D.

In analogy with the dimension 2 case we shall use the words facet and side interchangeably for
fundamental polyhedra.

Remark. The definition easily generalises for n > 3 to fundamental polytopes, and the following
proposition also holds with minimal change in that case.

7.1.2 Proposition. Let D be a fundamental polyhedron for a Kleinian group G. Then the interior B of
D N 8H? (where D denotes the closure in H3) is a fundamental domain for G.

Proof. We verify the conditions of Definition B21.. In the following, diam A is the Euclidean diame-
ter of some set A in the ball model. Observe that the proof of part 3 of the definition depends on part
5, so we prove them in that order below.
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Suppose there are two elements of B equivalent under g € G; then by continuity of the group
action, gD N D # @, which is a contradiction unless g = 1. This shows that B is a G-packing.

If z € Q(G), then choose a sequence of points (x,,) in H3 such that x,, — z. For each n, there
is some g, € G such that g,x, € D;ie. x, € g, ID. The sequence (g,,) must contain only
finitely many distinct elements, otherwise diam g;lﬁ — 0 by Lemma B2 and so z is a limit
point of the orbit of any point in D, contradicting that z € Q via Theorem E34. Hence x,, is
eventually z and z € g, (D) for some g,, € G.

. Let (s,) be a sequence of sides of D; for each n, let P,, be the supporting hyperplane for s,,.

Observe that diam P,, — 0 since otherwise infinitely many of the P,, would meet some compact
subset of H>. Hence the diameter of the sides s, goes to zero.

The sides of B are the boundaries of the facets of D, and the side-pairing transformations are
the obvious ones. It remains to show that if x € B does not lie on a side then x is a limit point:
suppose x € B does not lie on a side, then there is a sequence of facets (f},) of D accumulating
at x (it lies in the closure of a set of points lying on sides) and hence there is a sequence of
side-pairing transformations (g,,) such that for all z € B, g,(z) — x (indeed, let g, be the side
pairing transformation to s, for each n, where s, is the side of B corresponding to g,; since
diams, — 0, diam g,B — 0 and so |g,z — x| — 0).

Follows directly from (5) in the definition of a fundamental polyhedron.

S

Suppose x, € H? is fixed by no nontrivial element of G. For every g € G nontrivial, the perpen-
dicular bisector of the line joining x, to g(x,) is a hyperplane H, in H 3, Let D, be the half-space of
points strictly closer to x, than to g(x,); then the Dirichlet region is the intersection of the Dy

7.1.3 Theorem. The Dirichlet region D = ()

2€G\{1} Dy is a fundamental polyhedron for G.

Proof. That D is a countable intersection of halfspaces and is hence a polyhedron by our definition
follows from Lemma BT3. It remains to show the conditions of Definition ZT1.

1.

Let K C H? be compact. There are only finitely many g € G such that g(x,) € K (otherwise,
let (g,) be a sequence such that g,x, € K for all n; then the sequence g,x, accumulates at
some k € K so k is a limit point of G, contradicting Theorem BE327). Now note that if in-
finitely many of the H, meet some compact subset L then a rotation and a dilation of L (both of
which preserve compactness) will provide a compact set K containing all of the corresponding
elements g(x,).

. Let g € G be nontrivial. If x € D, then d(g(x), g(x,)) = d(x, xy) < d(x,g7 ' (xp)) = d(g(x), xo)

(the inequality coming from the definition of D, namely that x is closer to x, than to g~!(x,))
and so g(x) ¢ D. Hence gD N D = @ and D is a G-packing.

. Let x € H?; there is some g € G such that d(x, g(x,)) < d(x, h(xy)) for all h € G (that is,

there is some translation of x, whose distance from x is minimal: otherwise, x would be a
limit point). Given an arbitrary h € G,

d(g™(x), xo) = d(x,8(xo)) < d(x, gh(x)) = d(g™' (x), h(x0));

in particular, g~!(x) € Dy, for every h € G and so g~'(x) € D.
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4. Let x € relints for s a side of D. Then there is a unique g € G with x € ng. This means that
d(x,xg) < d(x, h(xy)) for all h # g, and d(x, xg) = d(x, g(x,)). Thus

d(g™!(x), xo) = d(x,8(x0)) = d(x,x) = d(g™'(x), g~ (xo))

and for any h # g1,
d(x, gh(x,)) > d(x, xo) = d(g~'(x), Xo)

Hence g'(x) lies on a side of D (say s’), and so g='(s) = s’. This sets up the side pairing
transformations.

5. Finally, suppose K C H? is compact; if necessary expand K so that it is a closed ball around x,,
say of radius p. There are only finitely many translates of x, within K: if there were infinitely
many that form a sequence (g,x,), using compactness we can assume that the sequence con-
verges to some x € K and so K contains a limit point, contradicting that it is a subset of H3. If
d(g=(xg), xo) > 20, then g(D)NK = @. Thus the finitely many group elements which translate
X into K are the only group elements which map D to meet K. A=

If G has a fundamental polyhedron in H* with only finitely many facets, then we say that G is
geometrically finite.

7.2 Parabolic elements and punctures

Ahorosphere in B" is a Euclidean sphere which is tangent to dB" and which, apart from the point of
tangency, lies within B". The horosphere is said to be based at the point of tangency. Such a sphere
corresponds in H" to either a Euclidean sphere in H” tangent to dH", or (if it is based at o) to a
Euclidean plane in H" parallel to dH". The interior of a horosphere is called a horoball.

7.2.1 Lemma. Let G be a Kleinian group containing the translation z — z + 1. Then the horoball
T={z+tjeH?:t>1}
is precisely invariant under Stabg (o).

Proof. LetJ = Stabg(c0). By Proposition B3, no element of J is loxodromic. In particular, every
element of J is an Euclidean isometry, and the Poincaré extension of such a transformation of C leaves
horizontal planes invariant (in particular, the horoball of interest is a union of such planes and so is
left invariant). Suppose that g € G is represented by the matrix

a b
c d
then by Proposition B4 Tl eitherc = 0sog € J or |c| > 1 and g & J; we prove that the latter elements
move T off itself. Observe that the radius of the isometric circle I(g) of g is |c| ~1 <1, and write g=qr
for q a Euclidean motion and r a reflection in I(g). Taking the Poincaré extension, 7 is the reflection
in a sphere of radius at most 1 about some point on C; in particular, it moves T inside this sphere

(and hence off itself); the following Euclidean motion does not change heights above C and so does
not move T back onto itself. NS

E

Recall that a Fuchsian group is a Kleinian group G such that G leaves some disc D C Q invariant.
Up to conjugation, we may assume that D is the upper half-plane H?; in particular, G acts as a group
of hyperbolic isometries on H?.
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7.2.2 Lemma. If G is a Fuchsian group normalised to leave H? invariant and G does not fix co then
the isometric circle of G is centred at a point of R.

Proof. If G leaves H? invariant, then G leaves H? invariant; in particular, preimages and images of
oo lie in dH? and if they are not oo then they must be real. =

7.2.3 Lemma. Let G be a Fuchsian group containing the translation z — z + 1. Then the horoball
T={z€H?:Imz>1}
is precisely invariant under Stabg(0).

Proof. LetJ = Stabg(oo). By Proposition B39, no element of J is loxodromic. In particular, every
element of J is a Euclidean isometry. Since G leaves H 2 invariant, these transformations must be
compositions of translations z — z + a for « € R (which preserve T), or reflections along vertical
lines (which preserve T). ThusJT C T.

Suppose that g € G is represented by the matrix

a b
c d
then by Proposition B2 eitherc = 0so g € J or |c| > 1 and g & J; we prove that the latter elements
move T off itself. Observe that the radius of the isometric circle I(g) of g is || ~! <1, and write g=qr
for g a Euclidean motion and r a reflection in I(g). Since r is the reflection in a sphere of radius at
most 1 about some point on R (Lemma ZZ7), it moves T inside this sphere (and hence off itself);

the following Euclidean motion does not change heights above R and so does not move T back onto
itself. 2

>

7.2.4 Theorem. Let G be a Fuchsian group acting on H? and containing the parabolic element j :
z — z + 1such thatif g € G satisfies g™ = j for some m > 0, we have g = jand m = 1. Then
there is a punctured disc, conformally embedded in H? /G, so that under the natural homomorphism
71(H?> N °Q)/G) — G the element j corresponds to a loop about the puncture.

Proof. LetT = {z € C : Imz > 1}; since G is Fuchsian, Stabs(T) = (j) by Lemma [ZZ3. The map
f : C - Cgiven by f(z) = exp(27iz) is a conformal map which sends T onto a punctured disc
centred at 0; further it is a covering map with defining group (j), i.e. for z,w € T, f(z) = f(w) iff z
and w are (j)-equivalent. =

Our goal is now the generalisation of Theorem [Z24 to the Kleinian case.

Let G be a Kleinian group, and let J < G be an elementary group of parabolic type generated by
a single element; let x be the unique fixed point of J. We say that J is cusped and that x is a cusp
point of G if there is an open disc B C € such thatJ = Stab;(B) and such that B is precisely invariant
under B. We say x is the centre of B, and that B is a cusped region for J.

7.2.5 Example. LetG =J = (j = z = z/(z + 1)). The element j is parabolic (it has trace 2) with
fixed point 0. What might the invariant discs be? Well, the element j normalises to z — 1 + z upon
conjugation by z — 1/z; an invariant disc for z — 1 + z is H?; and 1/(H?) is —H?>.

Remark. Here is a geometric dictionary:
cusps <« punctures
cone points <«  branch points (of finite order).
See [74] for an explanation of the name ‘cone point’.
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Similarly, we say that J is doubly cusped if there are two disjoint open discs B;, B, € C such that
B, UB, is precisely invariant under J; we also say, in this case, that B = B; UB, is a cusped region for
J. In the double cusp case it is clear that B, and B, are tangent at x: if B is precisely invariant under J
then its closure must contain x otherwise we would not be able to find x as a limit point of the orbits
of elements of B; a little further thought shows that this argument in fact implies that x € B; N B,!

Remark. Compare with [B3, p. 49].

7.2.6 Example. LetJ =G=(z—~z+ 1,z —z).SetB;={z€C : Imz > 1}and B, ={z € C :
Imz < —1}. Clearly B; U B, is precisely invariant under J while each individual B; is not.

Observe here that the unique fixed point of J is o0, and the quotient Q/G = C/G is a sphere with
two punctures and two cone points of angle 7.

7.2.7 Example. Suppose G is a Fuchsian group with x a parabolic fixed point; then x is a double
cusp point of G. Indeed, we may conjugate G such that the fixed point is co and the fixed disc is H?,
and then use Theorem [ZZZ4 to see that x is a double cusp point with two regions H? and —H?>.

Suppose that B is a cusped region for x; then there is some h € M with h(x) = oo conjugating
the generator of J to z = z + 1. The set E = {z : |Rez| < 1/2}is a fundamental domain for hJh~};
then h~! is a fundamental domain for J, and h~!(E) N B is called a cusp for J.

7.2.8 Proposition. Let G be a geometrically finite Kleinian group with fundamental polyhedron D; let
x be a point of D N 0H?3. Then either x € Q(G), orJ = Stabg(x) is elementary of parabolic type. If J is
cyclic, then x is doubly cusped.

Proof. A=
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Chapter 8

Moduli spaces of Kleinian groups

We follow closely the paper [R] to prove various continuity results about one-parameter holomor-

phic families of Kleinian groups: in particular, that the geodesic length function and the bending

measure vary continuously with the parameter (exact statements may be found in Section E3).
This is the first of three chapters on the Riley slice and related moduli spaces.

8.1 Preliminaries on Kleinian group spaces

Let D C C be a connected domain; for each u € D, let G, be a finitely generated Kleinian group of
the second kind (so Q(H ) # €). The system (G,) is a holomorphic family of Kleinian groups if
we may choose a basepoint u, € D and amapi : D x C — € such that

+ i(-,z) is holomorphic for all z € C;
+ i(u, ) is a quasi-conformal homeomorphism for each u € D, such that the induced map
¢u Gy~ M
g ngi;1
is a type-preserving isomorphism onto G,,.

Throughout, we shall be working with fixed connected components of Q(G,,). For each u € D,
fix a connected component Q*(G,,); we will usually write Q(u) for Q(G,,), and Q*(u) for Q*(G,).

Snce G, is finitely generated, by Ahlfors’ finiteness theorem (Theorem ET3) the space Q*(w)/ Stabg,, Q*(w)
is a compact Riemann surface of finite genus with finitely many punctures.

Let C(u) for each u denote h—conv A(G,,), and let dC(u) be the boundary of C(u) in H 3. Each
connnected component of dC(u) may be naturally identified with a component of Q(u): the restric-
tion of the retraction r : H” — C(u) to each component of Q(x) is a bijection onto a connected
component of C(u), and different components of Q(u) are associated to different components of
0C(u). We shall write dC*(u) for the connected component corresponding to Q* ().

We write 8, for the induced transverse measure on 0C*(u)/ Stab Q*(u) obtained by restricting
and projecting the bending measure on 0C(u). Let £, denote the intrinsic measure on 9C(G ).

The following result is proved as [ZR, proposition 3.1] and relies on a result of Moore [37, 45]

8.1.1 Proposition. The surfaces
Sy = 8€(W/G,

89
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and

Q*(u)/ Stab Q" ()
are homeomorphic for all u € D. nZ
8.1.2 Corollary. Ifu,v € D, then S, and S,, are quasiconformally homeomorphic. =

8.1.3 Corollary. The mapi(u, -) inducing theisomorphism¢,, : G, — G, induces a homeomorphism
Sy, = Sy and an isomorphism 7w1(S,,) — 71(S,). A=

The inclusion Q*(u) < H? U Q*(u) induces a homomorphism

. Q" (W H? uQ*(u)
]# LT (m) ~ 7'['1(5#) — 7T (T) o~ Gﬂ'

8.1.4 Proposition (Existence of conjugacy lift). There is a map
R 1 DX Z(ug) = Z(W)

(where Z(u) = Z(G,), the supporting hyperplane parameter space) such that for each u € D, the
induced map R(u, -) is a homeomorphism Z(uy) — Z(u) with the additional property that the lifted
map

R‘u* : nl(S‘uD) - ﬂl(S;,L)

makes the following diagram commute:

T1(Su) —23 1(S,0)

b,

Gy ——— Gy

Proof. Letr, : Q*(u) — 0C(u) be the retraction map; this lifts toamap 7, : Q*(u) — Z, by sending
z = (ru(2), P,(2)) where P.(z) is the support plane tangent to the horosphere based at z passing
through r,(z). This lift is a homeomorphism. Set R(u, P) := 7,,(i(u, f;ol(P))) for all P € Z(ugy). This
is a homeomorphism which conjugates the action of G, on Z,, to the action of G, on Z,;; a simple

diagram chase shows the commutativity required. A=

8.2 Measured laminations

Let L be a geodesic lamination on a complete oriented hyperbolic surface S of finite area, and let v
be a transverse measure on L such that v is preserved by isotopies moving one transversal to another
which preserve the leaves of the lamination. We call the system (L, 7) a measured lamination.

If y is a simple closed geodesic on S, then &, denotes the measured lamination whose single leaf
is the geodesic y, and whose measure is an atomic unit mass on intervals transverse to y.

Denote by M L(S) the space of all measured laminations on S. There is a natural topology on
ML(S): if Z is the set of free homotopy classes of simple closed curves on S, then we may define an
embedding of M L(S) into (R)* as follows: if v € M L(S) and [¢] € X then define

P([o]) := inf v(o)
o€lo]
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where the infimum is taken over curves which are piecewise made up of transversal geodesics to v
or geodesics running along leaves of v (such geodesics have measure zero by convention). Then the
map

VA

is the required embedding. (This agrees with the weak topology on the measure space.)

If S has cusps, we use MLy(S) to denote the set of measured laminations whose leaves end at
cusps of S with the induced topology.

Restrict again to the situation where we have a moduli space of Kleinian groups; with the notation
of the previous section,

8.2.1 Lemma. For u,v € D, the spaces ML(S,) and M L(S,) are homeomorphic.

Proof. Tt suffices to show that M L(S,,) is homeomorphic to ML(S,, ) for uy some fixed basepoint as
above. If T is a family of pairwise disjoint geodesics on S, then R, maps this family to a family of
quasi-geodesics (why?) and so we may associate to each geodesic y, in T a geodesic in S, homotopic
to R,(y) in an invertible manner (since R, is a homeomorphism). A

We write ML(S) for ML(S,,) and identify this space, for each u, with ML(S,,) under the home-
omorphism defined in the lemma.

8.3 Statements of theorems on continuity

We now state the main theorems of [2R]. Again we have a holomorphic family of Kleinian groups
{G.}uep and the associated notation. In addition, use ¢, to denote the geodesic length measure with
respect to the intrinsic metric on S,.

8.3.1 Theorem (Continuity of geodesic length). Recall that the S,, are all homeomorphic, so 71(S,,)
is independent of u. For each [c] € 7((S,,), the length function

D — Ry
u > tu(lo])
is continuous.
8.3.2 Corollary. The hyperbolic structure of S,, varies continuously with .
Proof. The Teichmiiller space of a hyperbolic surface is embedded in (R ()* by the map
pe {0 ([0 D} oes)

(where X is the set of free homotopy classes of simple closed curves on S, again this is independent
of w). A=

8.3.3 Theorem (Continuity of bending measure). The map
D —— ML(S)
B> By

is continuous.
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If v € ML(S,) then write ¢ ,(v) for the total mass of the measure on S, which is locally defined
as the product of the measure v on transversals to the lamination of » and hyperbolic distance along
the leaves of v.

8.3.4 Theorem (Continuity of lamination length). The map

DX MLy(S) — Ry,
(U v) —> €, (v)

is continuous in each variable.

8.4 Proofs of the continuity of geodesic length and bending
measure

The goal of this section is the exposition of the proofs of Theorem B3 and Theorem B33. In this
section, the propositions (which are named) are the main results which we shall use to prove the
theorems; the lemmata are steps in the proofs of the propositions.

Notation. Let B/x and ¢ u denote the lifts of 8 and ¢ to Z(w). We write:
1. pg(x,y) for the Euclidean distance between x and y in the halfspace model of H 3

2. po(x,y) for the Euclidean distance between x and y in the ball model of H> and area(A) for the
Euclidean area of some shape A in the disc model of H?;

3. d(x,y) for the intrinsic hyperbolic metric in H* and h—area(A) for the hyperbolic area of some
shape A in H?;

4. d,(x,y) for the distance between x and y measured along some curve w with respect to the
intrinsic hyperbolic metric; more generally, dyx for the distance in some metric space X when
needed.

Fix u; we study finite approximations to the bending measure and geodesic lengths with respect
to G,. Since continuity is a local property, we may restrict ourselves to the situation that u varies in
some compact K C D.

A polygonal approximation (x;, P;);__ to a path w in Z is an (a, S)-approximation if

max 8(P;_q,P;) < a and max dze(x;_1,X;) < S.
i<i<n ( i—1 1) i<i<n 6@( i—1 l)
8.4.1 Proposition (Local error estimate). There is a universal constant K (independent of 1) and a
functions : [0,27) — (0, 1) such that if (xi,Pi);LO is an (a, s(a))-approximation to a path w in Z where
a < m/2, then

L | di(xi1,x;) — €(w)| < Kat(w), and
i=1

2. D8Py, P) — B(w)| < Kat(w)
i=1

where d; denotes the induced metric on P;_; U P; for each i.
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Figure 8.1: Computing, locally, the error of the geodesic length when taken along a polygonal ap-
proximation.

Proof. Fix a polygonal approximation (x;, P;);"_, for w.

1. We consider the error d; — ¢;, where d;(x;_1,X;) and ¢; denotes the distance from x;_; to x;
along w. Choose a hyperbolic plane H through x;_; and x; such tht the shortest path between
X;_1 and x; in P;_; U P; is contained in H; let a; and a, be the lengths of this shortest path in
P;_; and P; respectively, and let b be the length of the geodesic [x;_1, X;] in H>. Let B be the
orthogonal projection of the point P;_; NP;NH onto y, and let b; = d(x;_;,B) and b, = d(B, x;)
such that b = b; + b,. This notation is summarised in Fig. ET.

Suppose the angle of the triangle Ax;_;x; at x;_; is x;, and the angle at x; is x,. Then by
hyperbolic trigonometry (in particular, [f, theorem 7.11.2]) we have tanh a; = tanh b; sec x; for
ie{1,2}

Since o < 7 /2, and the acute angles of the triangle Ax;_;x; are less than « (indeed, if these
angles are k7, x, then we have (r — ) + k + 4 < 7,50 ¥ + 1 < «), we have that secx; < seca;
thus

tanh q; < tanh b; seca, andb; < a; < b < d,(x;_1, X;)-

Now use a CAT(0)-space argument to see that there exists some choice of s = s(cr) such that
dy(xi_1,x;) <s = tanha; > (1 — a)g;

(namely, make s sufficiently small that the triangle Ax;_;x; must have large side length to have
the same fixed «). Using the standard inequality tanh b; < b; and applying the above results,
we have

a; +a, < (by +by)seca + ala; + ay)

and hence, since seca > 1,
a; + a, — b < Kad,(x;_q, x;).
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Figure 8.2: Computing, locally, the error of the bending measure when taken along a polygonal ap-
proximation.

2. Lett € [0,1] be an intermediate partition point, so t;_; < t < t;; let (z,P) = w(t). Apply
Lemma B5ZT to the triplet of planes P;_;, P, P;: there is either a unique horosphere o through
X;_1 and orthogonal to each of the three planes, or there is a unique hyperbolic plane o orthog-
onal to each of them. Letl;_; = oNP;_;,l = oNnP,and |; = o N P;. For the notation, see
Fig. B2

Observe that the angle sum of the approximation before refinement is
O(Pg, P1) + -+ + 6(P_2, Pi_1) + O(Pi—1, P;) + O(P;, Piy1) + -+ + 6(Pp1, Py)
and after refinement it is
O(Py, P1) + -+ +6(P;_5, Pi_y) + 6(Pi_1, P) + (P, P)) + O(P;, Piyy) + - + 0(P, 1, P);
since refinement decreases the approximation, the change in the approximation is

€= G(Pi—lipi) — Q(Pi_l,P) - Q(P,Pl)

‘We have two cases:

« If o is a horosphere (so has Euclidean intrinsic geometry), then the triangle formed by
l;_1, 1, and [; is Euclidean and thus the error ¢ is zero (consider Fig. R3).

« If o is a hyperbolic plane, then the error is
8(Pi_1,P;) — 6(Pi_1,P) — 6(P,P) = m — (m — 6(P;_1, P})) — 6(P;_1, P) — 6(P, Py);

that is, € is 7 minus the sum of the triangle angles; it is a standard result in hyperbolic
geometry (see for instance [f, theorem 7.13.1]) that this is exactly the hyperbolic area of
the triangle.

Using this argument, we shall prove the following intermediate claim:
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Figure 8.3: Change in the error of an approximation under a refinement.

Claim. The hyperbolic area h—area(R) is an upper bound for the error 6(P;_;, P;) — f(w;) where
w; is the portion of w between t;_; and t;, and where R is the region bounded by the curves l;, l;_,
and w;.

Indeed, recall that S(w;) is the infimum over all the permissible refinements t;_; = sy < -+ <
S, = t; of [t;_1,t;] of the quantity Z';Ll 0(Qj-1,Q;) where Q; denotes the second component
of aw(s;). It is therefore enough to show that h—area(R) is an upper bound for the quantity
O(P;_1,P;)— Z;nzl 0(Qj—1,Qj) for every such refinement; and since these refinements are finite
by definition, we may prove this claim by induction. The base case was done above: denote
by A, the triangle with edges I;_1, I, and ;. Assume now that the claim is true for refinements
of m — 1 points, and consider the partition ¢;_; = sy < --- < §,, = {; as above. Removing
the point x;, we have by induction a disjoint union of triangles A, ..., A,, whose area is an
upper bound (by doing the argument above for each triangle) for the error in the approximation
given the partition of m — 1 points. Adding back in x; and forming the plane o,, as above
(using Lemma BZT), the change in the approximation is bounded above (by the argument
given above) by the area of the triangle formed by Q; No,,, QyNo,,, and Q,No,,, which is in turn
bounded above by the area of the triangle A,, bounded by Q; N, Qy N o, and Q, N o (since the
former is an orthogonal projection of the latter). Hence the error 6(P;_1, P;)— 23":1 0(Qj-1,Qj)
increases by at most the area of A,,;; i.e.

m
6(Pi1,P;) — ), 6(Qj_1,Q;) < h—areaAq + -+ + h—areaA,, < h—area(R)
j=1

as desired. This proves the intermediate claim.

We now prove a bound on h—area(R) by comparing it with the Euclidean area area(R) in the
disc model. Map the plane o into the unit disc using the standard identification of H? with
B?, sending A — 0; call this map ¢. By convexity, the region ¢(R) is contained within the
(Euclidean) triangle A’ with vertices 0, ¢(x;_;), and ¢;. By assumption, d,,(x;_;,x;) < s; since
the hyperbolic distance d is a lower bound on the distance along w, d(x;_, X;) < s; and hence
ds(x!_,,x]) < s, where x|_, and x/ are the projections of x;_; and x; onto o. Since a < 7/2,
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Figure 8.4: Images of z and w under # in the proof of Lemma EZ73.

the triangle A’ is contained within a circle of bounded Euclidean radius in B?; and thus there
is a bounded comparison (say with constant L) between the Euclidean and hyperbolic areas of
A’. Choose s(a) sufficiently small now such that the Euclidean distance p,(¢(x;_1), P(x;)) is at
most 1; then the Euclidean triangle has area bounded above by d(x;_;, x;)a. In particular,

6(P;—1, P;) — Bw;) < area(R) < Larea(A") < Lapo($(x;i-1), $(x)) < Lady,($(xi—1), $(x;))
as required. A=

8.4.2 Proposition (Continuity of conjugacy lift). If {G,}.cp is a holomorphic family of Kleinian
groups, then the map
R :2Z,XD—2Z,

defined (as in Proposition K14) by
(@, 1) = (Pl (@)
is continuous when the domain is equipped with the usual product topology.

The proof of Proposition B4 will depend on the following lemmata.

8.4.3 Lemma. Let A C C be an arbitrary closed set with diameter greater than some constant ¢ > 0;
let K be a closed bounded convex subset of a connected component of C \ A. Let r be the retraction map

H3 - h—conv A. Then#is uniformly continuous on K, where the modulus of continuity® depends only
ona =dm(K,A), b =sup,. dp(z,N), and c.

Proof. Let z,w € K and let #(z) = (§, P¢) and #(w) = (9, Py). Since z and w lie in the same compo-
nent of C \ A, the hemispheres bounded by P; and P, cannot be nested (Fig. §4).

IRecall that the modulus of continuity for a function on metric spaces f : (X;,d;) — (X,,d,) is an increasing real-
valued function w : Ryy — R, vanishing and continuous at 0 such that for all x,y € X1, dy(f(x), f(»)) < w(d;(x, ).
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A
C

Figure 8.6: The case { = 7 and P¢ # P, may occur if § and 7 lie on adjoining flat pieces.

Since K is bounded, there exist positive constants a’ and b’ depending only on a, b, and ¢ such
that for all choices of z,w € K,

a’ <heighté <b’ a’ <heighty <b’
a’ <diamS(¢) < b’ a’ <diamS(n) <b’

where height is the height function in the half-space model, and where S(§) and S(») are the horo-
spheres tangent to Py and P, respectively.
In particular we have four bounds:

1. IfP¢ = P, then dj(§, 7) depends only on z and w, and tends uniformly to 0 as |z — w| — 0 with
constants depending only on a’ and b’. Indeed, if 7¢ and 77 are the orthogonal projections of
¢ and 7 onto C, then

dy(7§, 7mn) < dp(z, w)
(since 7 is distance-reducing) and so dp(§, 77) depends uniformly only on d(z, w). Hence

[d(§, mI? = [height(¢ — n)]* + [dy(z&, 7n)]?
and height(¢ — ») is also uniform in z and w with bounds depending on a’ and b’.

2. If £ = n but P¢ # P, (for instance this may occur if § = 7 lies on a pleating edge, see Fig. E3)

By similar arguments to (1), we see that |z — w| tends to zero iff d;((§, P¢), (1, P,))) tends to
zero, uniformly with constants depending on a’ and b’.

3. If § # nand P; # P, but Ps N P, # @ (see Fig. ), then by convexity of K there is a point
{ € P nPysuchthatr !({) CK.
Choose some u, v € r~1(¢) such that #(u) = (¢, P¢) and #(v) = (§, Py). Apply (1) and (2) above
to the pairs (z, u) (case 1), (u, v) (case 2), and (v, w) (case 1) to see that |z — w| tends to zero iff
dz((§, Pg), (n, Py)) tends to zero, uniformly with constants depending on a’and b’.
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Figure 8.7: The case P¢ N P, = @ does not have any effect on convergence.

4. Finally, consider the case that Pz N P, = . In this case, |z — w]| is uniformly bounded below
by height(& — #) (which is in turn bounded below since £ and 7 lie above the same connected
component of QO — see Fig. ) and so we cannot send |z — w| — 0.

Combining the cases 1-3 gives the desired convergence. =
8.4.4 Lemma. The function u — d(K, A(w)) is continuous at .

Proof. By definition, A(u) = i, A(ug) and so we wish to estimate

|d(K, AG) = d(K, Apo))| = |d(K, iy A(uo)) — d(K, Auo)));

observe that d(K, i, A(uo)) < d(K, A(to)) + d(A(ko), iy (A(ko))) and so d(K, A(w)) — d(K, A(g)) <
d(A(uo), i, (A(up))); by uniform continuity of iy, in u in a small neighbourhood of w, the right hand
side can be bounded below ¢ for u sufficiently close to u,. A similar estimate holds for the lower
inequality.” =

8.4.5 Lemma. The function u — diam A(u) is continuous at u.

Proof. Lete > 0. Let K be a compact neighbourhood of y; observe thati : K x C — C is uniformly
continuous by the Heine-Cantor theorem. Hence we may pick § > 0 such that for all 4 € K and all
x e C,if | — Ho| < & then |i(u, x) — (1o, x)| <.

Now observe that

diamA(u) = sup |i(u, x) — i(u, y)|

x,yEA(uo)
< sup (filu, x) — i(uo, )| + |—iu, ¥) + i, ¥)| + |iuo, x) — i(uo, ¥)|)
x,yEA(1o)
<2 sup |l(#’ x) - i(:uO’ X)| + sup 'l(/"O’ X) - i(:uOr y)|
xeA(up) x,yEA(1o)
=2 sup |i(u, x) — i(uo, x)| + diam A(o)
xEA (o)
and so
|diam A(x) — diam A(yp)| < diam A(w) — diam A(g,) < 2
when u is chosen §-close to y as above. =

8.4.6 Lemma. Let{G,},cp be a holomorphic family of Kleinian groups and pick a basepoint y, € D.
Without loss of generality, assume that the component Q*(u) is bounded in C (if 0o € Q*(u) then
replace G with its conjugate under a transformation moving co into AG,). Let K C Q*(uy) be convex
and compact. Then, for every € > 0, there exists § > 0 depending only on € and d(K, Aug) such that

2I should add the general principles of this to the chapter on hyperbolic convexity... in fact there should be a ‘chapter 0’ on
hyperbolic geometry and convexity.



8.4. PROOFS OF THE CONTINUITY OF GEODESIC LENGTH AND BENDING MEASURE 99
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Figure 8.8: Heights above retractions of h—conv A(u).

1. K C Q*(u) whenever |u — uy| < 8; and
2. dz(F,(2),7,,(2)) < e whenever |u — uy| < S andz €K

(where d is the metric on H> x G,(H?>) which induces the Euclidean distance on the first component
and the dihedral angle metric on the second).

Proof. By LemmaRZ4 and Lemma EZ1, we may pick some &, > 0such that d(K, A(u)) > d(K, A(yg))/2
and diam A(u) > diam A(ug)/2 whenever |u — uo| < &,. Hence, since d(K, w) > d(K, A(w)) for all
w & Q*(u), we have that K ¢ Q*(w) for all such u.

Assume now that diam A(u) is bounded below by ¢ > 0, and let z € K be arbitrary. Since
d(K,A(u)) > d(K, A(ug))/2 for u &y-close to uy, there exists (by a compactness argument) a constant
a’ independent of z such that heightr,(z) > o’ (Fig. ER)

Let 7#y(z) = (€, Py), and let y be the geodesic extending [£, z]. Let H,, for t € (— height £, ), be
the horosphere based at z through the point on y with signed distance ¢ from &, measured such that
the values of ¢ corresponding to points on [, z] are negative. =

Proof of Proposition B2 2. A=
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Chapter 9

Combination theorems

The notes in this chapter are based on the lectures by Jeroen.

9.1 Amalgamated free products

Let G, G, be subgroups of some fixed universal group I, and let J < I be a shared subgroup of both
G, and G, such that [G,, : J] > 1 for m € {1,2}. We say that a word in the elements of G; U G, is a
normal form if it is of the form g, --- g; where either

« foralliodd, g; € G; \ J; and for all i even, g; € G, \ J; or
« foralliodd, g; € G, \ J;and for alli even, g; € G; \ J.

We place an equivalence relation on the space of normal forms; forall j € Jand all1 < k < n, we
say
8n 81~ 8 (&N 8k-1) - &1

(Observe that g j must lie in Gy, if g lies in G,,, and cannot be an element of J as otherwise g,
= (g j)j~1is an element of J; similarly, j~'g,_; € G;_,, and so the word on the right is indeed a
normal form.)

We say that the normal form g,, -+ g; isa m-form if g, € G,,.

9.1.1 Lemma. If the normal forms ¢ and 9 are equivalent, and ¢ is a m-form, then 8 is an m-form.
NS

‘We impose a multiplication on normal forms as follows: the product of two forms ¢ = g, --- g1
and 8 = hy --- h; is the word obtained by juxtaposing ¢.9; this is clearly a normal form, unless
g1hy € J in which case either k = n = 1and ¢.8 = g1h; € J, or one of g,(h; hy) or (g1 Ay )hy_1 lies in
some G,, \ J (being the same type as g, or h,_; respectively if either of these exists). In particular, ¢.9
is either an element of J or a normal form. The amalgamated free product of G; and G, along J is
the group G; *; G, supported on the union of the set of equivalence classes of words normal forms
and the set of elements of J, with the natural extension of this multiplication.

Remark. An alternative description of the amalgamated product is found in [41, section I.1].

9.1.2 Example. Z * Z ~ F, (here we adhere to the convention that if the common subgroup is
omitted from the notation, it is implicitly understood to be 1).

9.1.3 Example. For this example we use the following theorem from algebraic topology.

101
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Theorem ([33, theorem 10.12]). Let X be a finite connected graph with maximal spanning tree T then
7m1(X) is a free group generated by elements in bijective correspondence with the edges not in T.

Let X and Y be the disjoint graphs

In each case, the graph induced by the black edges is a maximal spanning tree and so 77,(X) =~ {(a, b)
and 7;(Y) ~ (c,d). Consider the graph Z obtained by gluing X and Y along the 4-cycles containing
a and c respectively:

Again the black edges induce a spanning tree, so the fundamental group of Z is the amalgamated
product of 7;(X) and 7,(Y) along the subgroup J obtained by identifying (a) < 7;(X) with (¢) <
71(Y). More abstractly, 7,(Z) = F, 7 F,.

This is a special case of the Seifert-Van Kampen theorem [B3, theorem 10.1].

9.1.4 Example (Advanced example). SL(2, Z) ~ Z/4Z 7,7 Z/6Z [41, section 1.4.2].

Let ® denote the natural group homomorphism

® : Gy x5 Gy =~ G =(G1,6)

gy -8 when gis the normal form g, --- g;;
®(g) =
g when g € J.

If8 =g, - g is anormal form, we set |§| = n and call this number the length of the normal form.
9.1.5 Lemma. If the normal forms ¢ and 9 are equivalent, then |p| = |9]. b =

Observe that normal forms are not necessarily unique unless the amalgamated product is actually
a free product (i.e. J = 1).

9.1.6 Lemma. Suppose G = G, #; Gy and G = G; %7 G,. If ¢1 : G; = G, and ¢, : G; — G, are
isomorphisms such that ¢, | ; = ¢, |, is an isomorphism J — J, then there exists a unique ¢ : G — G
with ¢l = ¢ and plg, = ¢, R

Our goal is a criterion for writing G as an amalgamated free product. We will actually do some-
thing less impressive, namely develop a criterion for writing a group G = (Gy, G,) which acts freely
discontinuously on X as an amalgamated free product.

We shall be proving a version of the ping-pong lemma, the philosophy of which is often at-
tributed to Fricke and Klein.
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Figure 9.2: An interactive pair on S3.

9.1.7 Definition. Suppose G = (G;, G,) and J is a shared proper subgroup of G; and G,. Suppose G
actson a set X.
A pair (X1, X,) of subsets of X is an interactive pair if the following hold (compare Fig. @1):

1. Xl ?é ﬂ,X2 ?ﬁ ﬂ, anXm an = ﬁ,
2. JX; C X; and JX, C X,; and
3. (G, \ DX, CX,and (G, \J)X, C X,.

9.1.8 Proposition. LetX = S", G = M(n) the group of Mobius transformations with the natural action
on the unit sphere via stereographic projection (see chapter 1), and let W be a topological (n — 1)-sphere
on X bounding two open discs X, and X, (see Fig. B2). Suppose G = (G, G,) with J a shared proper
subgroup of both G, and G,.

Ifeach X, is precisely invariant under J in G, then (X, X,) is an interactive pair.

Proof. Takeg € G;\J. Since X isJ-invariant, X, is J-invariant (by continuity). We have gX;nX; = @
for all such g and so since W = 6X; we have gW nX; = . Then g(X;) C X, by inspection of Fig. B2,
similarly g(X,) C X;. =

If T is a group acting on a space X, by the axiom of choice there is a set D C X containing exactly
one representative of each orbit of I'/X. We call such a set a fundamental set.
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9.1.9 Theorem. IfG acts freely discontinuously on a non-empty open set U C X, and if G = G; *; G,,
then there exists an interactive pair for the action.

Proof. By the axiom of choice, there exists a fundamental set D C U containing exactly one repre-
sentative for each orbit of G in X. Let X; = [ g(D) where the union is taken over 2-forms and let
X, = |J g(D) where the union is taken over 1-forms. Both X; and X, are non-empty since there exist
1- and 2-forms; both X; and X, are J-invariant, since if g(d) € g(D) for some d € D and some g an
m-form, then jg is also an m-form and so jg(d) = (jg)(d) € X,,-

We now show that X; N X, = @. Suppose for the sake of contradiction that x € X; N X,. Then
x = hi(y1) = hy(y,) for some y,,y, € D and some h;,h, € G respectively a 1- and a 2-form.
Hence y; = y, =: y since otherwise y;,y, would be two distinct orbit representatives in D. Write
h, = g,---g and hy, = f} --- f1; by construction hl_lhz(y) = y and so since y € °Q we have
h'h, = 1. On the other hand, h;'h, = g;* -+ g," fi -+~ f1;since g, € Gy \ J and f € G, \ J, s0
hl_lhz is a normal form, thus not the identity (contradiction.) =

‘We remark that the converse is not true:

9.1.10 Example. Define subgroups of M as follows:

j@=z+1 J={j)
&1@)=-z ga=-z+2a(a>0)
Gy ={J,&) Gra = {J,&2,a)

Then G, ~ D, and G, , is a conjugate of G; in M.

Now we show that there exists an interactive pair for the action of G with respect to the data
G, > J < G,, but that G is not the amalgamated product G; *; G,. Let X; = H? be the upper
half-plane and X, = H?~ the lower half-plane of C.

Observe that X is precisely invariant under J in G; and that X, is precisely invariant under J in
G, - Thus (X3, X,) is an interactive pair.

Suppose a is irrational. Then G, , is not discrete, so the action is not freely discontinuous. Sup-
pose a is rational. Then some power of g8, , liesin J, but g, 8, , is an alternating nontrivial product
of elements not in J.

Wesay thatd = g, --- gy isa(m, k)-form if g, € G,,\J and g; € G, \J. We say that an interactive
pair (X;, X)) is proper if either

« there exists a point in X; not G,-equivalent to any point in X5, or
« there exists a point in X, not G;-equivalent to any point in X;.

The claim is that this condition is enough to ensure that the situation of Example ET10 does not
occur, and in fact we get a converse to Theorem HT9.
We hide the difficulties in the following lemma.

9.1.11 Lemma. Suppose G = (Gy,G,) acts on X and suppose G; > J < G, is a shared subgroup.
If there exists an interactive pair (X1,X,) for this data, and if 8 = g, --- g; is an (m, k)-form, then
D(g)(Xy) C X3_y. Further, this inclusion is proper if (X, X,) is proper and |8| > 1.

Proof. We gobyinductiononn. Ifn = 1thenm = kand g;(X) C X5_j by the properties of inductive
pairs. Now assume n > 1 and that ®(g,, --- g)(Xx) = g, -+ 81(Xx) € X5_,,, Where g,, --- g; isa (m, k)-
form; if g,11 € G3_ — J then g, 41 (X3_p) C X, and thus g1 -+ 81(Xy) € 8n-1(X3-pm) € Xjpp. This
proves the first statement.

We now prove the properness statement; suppose (X;,X,) is proper and |8| > 1/ Without loss of
generality, assume the G;-translates of X; do not cover X,. We have two cases:
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(a) Ifgl S Gl \J, then gl(Xl) C X2 and so 8n gl(XI) C X3—M'
(b) If g; € G, \ J, then (here is where we use |8| > 1) g, € G \ J,50 £,8:(X;) C X, by (a). &=

9.1.12 Theorem (Ping-pong lemma). Suppose G = (G, G,) acts on X and suppose G; > J < G, isa
shared subgroup. If there exists a proper interactive pair (X1, X,) for this data, then G ~ G; *; G,.

Proof. No normal form of length 1 can be the identity. Assume |3]| =n > 1for8 = g, --- g1; then for
each m € {1, 2}, ®(8)(X,,) is properly contained in either X; or X, by Lemma 8111 and so ®(&) # 1
(so 8 #1). N2

9.2 Applications of amalgamated products to group theory

See [9] for this and further material.

9.2.1 Theorem (Higman, 1951). There exists a finitely presented group G which is isomorphic to one
of its proper factor groups.

9.2.2 Theorem (Higman, Neumann, and Neumann, 1949). Every countable group can be embedded
in a 2-generator group.

For a proof of Theorem see [5, p. 105].

Proof of Theorem 2. Let A = (a,s : sas™! = a?), B = (b,t : tht™! = b?),G = A *; BwhereJ is
the subgroup of A * B generated by ab™!. Let H = (a), K = (b), and let ¢ : H — K be the natural
isomorphism sending a — b.

Defineax : A—- Gandf : B— Gby

a(a) =a* B(b) = b?
als) =s  B)=t;

clearly o and 8 agree on H (in the sense that a(h) = B(¢(h)) for all h € H) and so there is a homo-
morphism u : G — G which restricts to @ = 8 on the subgroup J (Lemma BTH).

Note that G includes {a?,s,t}and so UG contains a = s~1a%s; hence UG includes {a, s, t} which
is a generating set for G, i.e. uG = G; hence G ~ G/ ker u.

It remains to show that ker i # 1: one can check easily that sas~'tb~1t~! € ker y, and this is an
alternating product of elements of A and B so is a normal form, hence not the identity. =

We conclude by noting that the usual definition of the amalgamated product is as follows: if
A <G andB < H are groups, and ¢ : A — B is an isomorphism, then we define

GxH
{p(a)a~l : a € A}

A*(pB::

(where K denotes the normal closure in T of some K < T).

This construction (and the construction following of HNN-extensions) is a special case of the prin-
ciple of Bass-Serre theory in which various generalisations of free products are realised as fundamen-
tal groups of a ‘graph of groups’, see [41, section L.5].
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Figure 9.3: The interactive pair and one half of the packing D for Theorem B3

9.3 The Klein combination theorem

Let G be a group acting on a space X, and let Y C X be precisely invariant under H < G. We say
that a fundamental set D for G is maximal (with respect to Y) if D NY is a fundamental set for the
actionof Jon'Y.

See Fig. B3 for the setup of the following.

9.3.1 Theorem. Let G, > J < G, act discontinuously on X. Assume that there is an interactive pair of
sets (X1, X,) for this system, and assume that for each m € {1, 2} there exists a minimal fundamental
set D,, for G,, such that for all g € G,

g(Dm nXS—m) CXsm

Let D = (D1 N X,) U (D, NX;). Then D is a G-packing.
Proof. Without loss of generality, assume x € D; N X, and that x is nontrivial.

Case that g € J. If g € J, then g(x) € X, since X, is J-invariant; further, g(x) ¢ D, since
otherwise x, g(x) € D, contradicting uniqueness of orbit representatives. Thus g(x) € X, \ D; and
thus g(x) ¢ D.

Case that g ¢ J. We proceed by induction on the length of g as a normal form. If |g| = 1, then we
have two cases: either g € G; \ J, or g € G, \ J. In either case using the hypothesised properties of
the X,,, and D, we have g(x) € X; \ D;.

Now suppose g = g, -~ g; is in normal form with n > 1; the inductive hypthesis takes the form
‘if h € G is an m-form with |h| < n then ®(h)(x) € Y3_,, \ D,,” Takeh =g,_;---g;. CaseL: hisa
1-form. Then g,_; € G; \ Jso h(x) € X, \ D;,and g, € G, \ K 50 g,(X,) \ X; i.e. g(x) € X; and
g(x) & D,. Case II: h is a 2-form. Similar proof. N

9.3.2 Theorem (Klein combination theorem). Let Gy, G, act freely and discontinuously on some open
subset of a topological space X, and let G = (G;, G,). Suppose for each m there exists a fundamental set
D,, for G, with D; U D, = X and D; N D, # @. Then G = G; * G, and D := D; N D, is a G-packing.
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Proof. Assume G;, G, nontrivial. Then both D, \ D, and D, \ D; are both nontrivial. Let X; := D;\D,
and X, := D,. We show that (X;,X,) is a proper interactive pair for the system G; > 1 < G,. If
g € G; \ {1} then gD; N D; # @ since D, is fundamental for G;; hence gX; C gD; C D, = X,.
Ifg € G, \ {1} then gX, C X, since gX, = gD, N D, = @. Further the pair is proper since if
Xx € D = D;nD, then x € X, and gx ¢ X; for any g € G,. We now use Theorem to conclude
that G = G, * G,.

Now we show that D is a G-packing. Note that D,, N X,,, = X,,, for each m, hence D,, is maximal;
then apply Theorem B3 A=

9.4 HNN-extensions

Motivation:

1. Given two isomorphic subgroups of a given group G, are they always conjugate in G? Answer:
no, for instance if G is abelian then all conjugacy classes are trivial. However, there is some
overgroup of G in which they are conjugate.

2. Algebraic topology: see e.g. [27, section 13.3] or [P, p. 93].
Here is the ‘correct’ definition:

9.4.1 Definition. Let G be a group, A,B < G, and ¢ : A — B an isomorphism. Suppose (¢) is the
free group on some symbol ¢t unrelated to G. Then the HNN-extension of G relative to A and B with
stable letter ¢ is the group

G * (t)

G #;:= (G,t : Vaeut tat = p(a)) = .
{a€ A : tlat(p(a))1}

Remark. 1t follows, e.g. from the lemma of Britton [41, 1.5.2 theorem 11], that the quotient in the
definition above does not collapse.

A more concrete definition is now given. Let Gy, G; and J1,J, < G, be groups such that
1. GO N G1 = ﬂ;
2. Gy is the cyclic group on the symbol f;

3. themap f, : J; — J, defined by f,j = fjf~! (the product taken in (G, G;)) is an isomor-
phism.

9.4.2 Definition. A normal form is a word in Gy U G; of the form f%g, --- f*1g;, where
1. each g, € Gy;
2. fork>1,gc #1;
3. all o) € Z, with only « allowed to be 0;
4. ifay <0and ggyq €J;7 \ 1, then ai,; < 0;

5. ifag > 0and ggq €J, \ 1, then o > 0.
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Two such forms are equivalent if we may obtain one from the other by a finite sequence of insertions
and deletions of words of the form fjf~1(f,j)~! or conjugates or inverses of these. Every word
fong, --- f*1g; isequivalent either to a normal form or to 1. The HNN-extension of G, by f, denoted
Gy *y, is the set of normal forms (together with 1) modulo equivalence, with juxtaposition as the
operation.

There exists a natural homomorphism @ : Gy *;— (Gy, G;) defined by ®(f%ng, --- f¥1g,) =
Jngn - fhg1.

Normal forms have unique representative in Gy, *y iff J; = J, = 1 (and in this case G = G, * Gy).

The length of a normal form is | f¥rg,, -+~ f*1g;| = anzl |ty |- This is well-defined by properties
4 and 5 of the definition above of normal forms. In addition, we say that g = f%g, --- f¥g, is
positive (g > 0), null (g ~ 0), or negative (g < 0) if ,, is positive, 0, or negative respectively. Again
by properties 4 and 5 of the definition, sign is well-defined.

9.4.3 Lemma. Isomorphisms on Gy and G, can be extended. More precisely, suppose G = Go *F,
G = G, * 7, and suppose f and f respectively conjugate J; — J, and J; — J,. Given ¢, : -
Gy and ¢, : G; — G both isomorphisms with ¢1(f) = f and with ¢y(J,,,)) = J,, (m € {1, 2}) if
Pofily, — Fa®0 7, then we obtain an isomorphism ¢ : G — G which agrees with ¢, and ¢, on their
respective domams NS



Chapter 10

Combinatorial group theory and
algebraic geometry

In this chapter, we study combinatorial group theory from the point of view of Bass-Serre theory
and algebraic geometry. Our primary source is [5]. We shall often reference [40] for representation
theory, and [47] and [P5] for algebraic geometry.

10.1 Representation theory

Let IT be a finitely generated group. Eventually, IT will be 7z,(M) for some 3-manifold M.

Recall that a representation of IT is a homomorphism p : II — GL(2, k), where k is a field.
In this chapter, we will usually be interested in representations with image in SL(2, C); the set of
all such representations will be denoted by Rep(IT). We say that two representations p; and p, are
equivalent if there exists some a € GL(2, k) such that p; = ap,at.

Given a representation p, the character of p is the function y, : I — k defined by x,(g) =
tr p(g). Since tr is conjugacy invariant, p; ~ p, implies y, = x,,- The converse of this statement is
a standard fact in the finite group case (see for instance [4(, corollary 2 to theorem 4 of chapter 2])
but is less standard in the finite generated group case, and requires additional qualification. Recall
that a representation p : II - GL(n, k) is irreducible if the only subspaces of R" irreducible under

p(IT) are 0 and k".

10.1.1 Theorem. Let p; and p, be representations of Il into GL(n, C). If p; is irreducible, then p; ~ p,
ifandonlyif x, = xp,- a=

LetIT = (g, ..., 8,)- Define
RAD) = {(pg1, -, p&n) * P € Rep(ID)}.

10.1.2 Lemma. The set R(IT) is an affine subvariety of C*".

For each choice of generators of I1, there is a natural bijective correspondence between the set R(IT)
defined with respect to that set of generators, and the set Rep(I1). Further, if{g;, ..., g,} and {hy, ..., hy,;}
are generating sets for Il then the natural bijection

{(pg1, - Pgn) : p € Rep(I)} — {(phy, ..., phy,) : p € Rep(ID)}
(0815 -+ P&n) P (Phy, ..., phy,)

109
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is an isomorphism of varieties. Thus R(IT), as an abstract variety, is well-defined independent of any
choice of generating set.

Proof. Suppose that IT = (g, ..., g,) and that W is the set of words in the generators which are trivial
in II. Suppose that z € R(IT) with respect to these generators; then z = (pgy, ..., g,) for some
p : IT = SL(2, C). Since p is a homomorphism, if w € W is of the form w = ng -+~ g then

*) I=p(w) = (pg)™ - (g )"

In particular, we obtain for each w € W a set of four polynomial equations in the coefficients of
elements of SL(2, C)", one for each component of the matrix equation (*). Let S be the set of all
of the equations in obtained in this way (so S contains four equations for each relation in G). If
z € SL(2,C)" satisfies all of these relations, then we may define a representation p € Rep(IT) by
setting pg; to be the matrix corresponding to the ith matrix component of z. We have shown therefore
that R(IT) is the affine subvariety cut out of SL(2, C)" by the polynomials of S.

To show that the bijection in the statement is an isomorphism of varieties, it suffices to note that
the equations for the g; in terms of the h; are polynomial in the entries of the matrices in the image
of the representation. =

Due to this lemma, it is a valid abuse of notation to identify points in R(IT) with representations
of IT.

10.1.3 Proposition. Let V' C R(II) be an irreducible component and let p € V. If o € R(II) is
equivalent to p in SL(2,C), theno € V.

Proof. Consider the morphism of varieties
[ VXSL(2,C) —» R(IT)
(x,00) = (axja™, ..., ax,a™t);

since SL(2, C) is irreducible, V x SL(2, C) is irreducible and since f is a morphism the image f(V x
SL(2,Q)) is an irreducible subvariety of R(IT). Hence there exists a component V' of R(IT) such that
f(VxSL(2,C)) CV'. On the other hand, V = f(Vx{1})andso V C V'. It follows that V = V' since
both V and V' are irreducible components of R(IT).

Suppose now that o is equivalent to p; then there exists some a € SL(2, C) such that ¢ = apa~!.
Thus for each i, og; = ax;a~! where x = (x;,...,x,) € V is the point corresponding to p. In
particular, (ogy, ...,08,) € V by the previous paragraph, as desired. =

If k is a field, we say that a representation p : IT — GL(n, k) is absolutely irreducible if it is
irreducible when considered as a representation into GL(n, k).

10.1.4 Proposition. Let k be a field of characteristic 0, and let p : I — SL(2, k) be a representation
with non-abelian image. Then the following are equivalent:

1. pisreducible;

2. pis reducible over k;

3. forallc € [IL1I], x,(c) = 2;

4. the group p([I1, I1]) has a unique invariant subspace L < k? of dimension 1.

Further, the implication (1) => (3) does not require p(IT) to be non-abelian.
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Proof. The implication (1) = (2) is trivial. )
To show (2) = (3), suppose that p is reducible over k. Then there exists a representation ¢ of IT

with image consisting of upper triangular matrices such that o ~ p. Let A,B € o(IT). If A = [(cl Z

Xy
0 w]’ then

and B =

[A.B] = ABA-'B~! = 1 (dw) Y(bw —bx +ay — dy)]
AT 10 1

so tr[A, B] = 2 as desired.

We next show that (3) = (4). Since p(II) is non-abelian, there exists some ¢ € [II, II] such
that p(c) # 1. Since y,(c) = 2 we have tr p(c) = 2 and det p(c) = 1 and so the eigenvalues of p(c) are
the solutions in A of the characteristic equation

0=22-21+1=1-1)?%

i.e. p(c) hasasingle eigenvalue, 1 = 1. If the eigenspace of this eigenvalue had dimension 2, then p(c)
would fix the entirety of k? and so p(c) = 1, which is impossible by assumption; thus the eigenspace
of 4 has dimension 1 and p(c) has a unique invariant subspace L of dimension 1.

It remains to show that this subspace L is invariant under every element of [IT, IT]. Suppose that
there exists ¢’ € [II, 1] such that p(c¢")L ¢ L. Then p(c¢’) # 1 and by the above argument there exists
a unique subspace L’ of dimension 1 left invariant by p(¢’) distinct from L. Pickl € Land I’ € L';
then {I, I} is a basis for k? and with respect to this basis we have

p(c>=[(1, j‘], o) = (1’]

where a, 8 # 0; in particular, tr p(cc’) = 2 + aff # 2 which provides a contradiction and establishes
that (3) = (4).

Finally we show that (4) = (1). Suppose L is the unique dimension 1 subspace left invariant
by p([IT, IT]). Since p([IL, IT]) is normal in p(II), L is invariant under p(IT): indeed, if L = kl then
pick a nontrivial k € p(IT"); for all g € p(IT), we may compute gl = g(g~'kg)l = k(gl), so gl is fixed
by k and hence by uniqueness of the fixed line we have gl € L, so gL C L. In particular, p(IT) fixes a
nontrivial subspace and so p is reducible. nZ

10.1.5 Corollary. If K is an algebraically closed field of characteristic 0, then p : II — SL(2,C) is
reducible iff x,(c) = 2 for all ¢ € [IL, I1].

Proof. Observe that the implication (1) => (3) of Proposition MI T4 did not use the assumption
that p(IT) was non-abelian. This supplies one direction of the corollary. For the converse, if p(IT) is
non-abelian then the result follows directly from the theorem.

Otherwise, suppose that p(IT) is abelian. Recall that every irreducible representation of an abelian
group over such a field K is of degree 1 (this follows from Schur’s lemma, which in the version stated
in [40] does not require |II| < co: if g € II then v — (pg)v is IT-linear by commutativity and so by
Schur’s lemma the map is given by a multiple of the identity matrix, in particular pg is diagonal for
all g € I and so leaves Ke; invariant for each standard basis vector e; of K?). In particular, p(TT),
being a degree 1 representation in a dimension 2 vector space, is reducible. =

Remark. Compare Proposition T4 and Corollary IITH with the results of Section 24 above.
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10.2 Curves of representations and character varieties

We use some standard facts about projective completions and resolution of singularities of algebraic
curves; for instance, see [5, corollary 1.6.11] or [42, corollary to theorem 2.23].

10.2.1 Theorem. Let C be an affine algebraic curve over a field k. Then there exists a projective curve
C and a nonsingular projective curve C such that K(C) ~ K(C) ~ K(C).

If C and D are affine curves and if f : C — D is a rational map, then there exists a unique regular
map f : C = D. nS

Suppose that C is an affine curve in R(IT). We define a representation P : II — SL(2, k) where
k = K(C), called the canonical representation with respectto C. If g € ITisfixed, definea, b, c,d :
C — C (all depending on g) by the system of equations

a(p) b(p)| _ )
[c(p) d(p)] =ple):

we then define P(g) to be the matrix

10.2.2 Lemma. IfC contains an irreducible representation, then P is absolutely irreducible.

Proof. If Pisreducible over k, thenby (2) = (3) of Proposition T4, tr P(c) = 2 forallc € [IT, II].
By definition of P, tr P(c) = f. where f.(p) = a(p) +d(p) = trp(c) forall p € C. Thus tr p(c) = 2 for
all ¢ € [IL,IT] and all p € C. Now by Corollary MO T3 (noting that such p are representations over C
not k) we conclude that each p € C is reducible. )=

For each g € II, define a regular map 7, : R(IT) - C by 74(p) := x,(g). Let T be the subring of
K(R(IT)) generated by the set {r, : g € II}.

10.2.3 Lemma. Forallg,h € I1, 74Ty = Tgp + Tgp-1. Az
10.2.4 Proposition. The ring T is finitely generated.

Proof. Let T, C T be the subring generated by all the maps Tg,

elements of {1, ..., n}. We will show that T, = T.
Suppose first that g = ngl gl.m’ where iy, ...,i, € N are distinct and my, ...,m, € Z. We show

that 7, € T, by induction on the quantity

...g, » Where iy, ..., i, are r distinct
r

where
—m; m; < 0,
Ki =
m;—1 m; >0.

If v = 0, then all of the m; are 0 or 1 and so g is a generator of Tj,. If v > 0, then we may assume that
m, # 0 (otherwise gl.m’ = 1 and so we can simply cease to write it). If m, = 1, then consider

my—1
lr—1

...g

my
51

8,88, = 8,8
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which has the same value of v as g; repeating the same process and using the fact that not all of the
m; are 0 or 1, we may assume (after repeated conjugations, which preserve 7.) that m, # 1 too.
If m, < 0, then by Lemma M3 we have

‘L'ggir‘[gi—rl =Tg + ngizr’

by induction, Tgg;, and ngizr lie in T,y; and by definition, Tgl_:l € Tp; 8074 € Ty. It m, > 1thena
similar argument shows that 7, € T,
. . . i _ oM M .

Now suppose g € II is arbitrary; write g = & g and induct on r. We may assume that

the i, are not all distinct; by a similar conjugation argument as above, we may assume that there is
. . m mg mg m,

some s < r such that iy = i,. NowsetV = gil1 8 and W = giHI’l g By Lemma M3,
Ty = Tyw = TyTw — TyTw-1; but all of 7y, 7y, and 7y Ty lie in T by induction; and hence
Tg (S To. =

Since T is finitely generated, there exist yy, ...,y,, € [T such that T = (r,, : 1 <i < m). Define a
map ¢ : R(IT) » C™ by
t(p) = (7, (0), - Ty, ().

As in the case of R(IT), there is a natural correspondence between the points of X(IT) := t(R(IT)) and
the characters of representations of IT in SL(2, C).
Our immediate goal is now the proof that X (IT) is a closed subvariety of C™.

10.2.5 Lemma. The set of reducible representations IT — SL(2, C) is of the form t=\(V) for some closed
subvariety V C C™.

Proof. By Corollary M3, a point p € R(IT) is reducible iff 7.(p) = 2 for all ¢ € [II,II]. Since T is
generated by the 7, , the function 7.(-) is of the form f(¢(-)) for some f a polynomial function with
integral coefficients. This exhibits the set of reducible representations as the inverse image of Z(f —2)
via t. NS

10.2.6 Lemma. Let A be a principalideal domain, let F = Frac A, and let P . TI1 — GL(n, F) be an ab-
solutely irreducible representation for some n > 0. If yp(I1) C A then P is equivalent to a representation
with image in GL(n, A).

Proof. =
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Appendix A

Algebraic topology

We review some basic concepts from algebraic topology, such as are contained in many excellent
books like [33, &, Z].

A.1 Homotopy

Let X be a topological space, and fix some x, € X. A continuous map f : [0,1] — X is aloop based
at x, if f(0) = x, = f(1).

Let f and g be loops based at x; we define their concatenation f * g : [0,1] — X to be the
map

. fQe) t<1/2
g2t —1) t>1/2.

In addition, we say that f and g are homeotopic and write f ~ g if there is a continuous map
F :[0,1] x[0,1] — X (the homotopy) such that

e F(x,0) = f(x)and F(x,1) = g(x) for all x € [0,1];
o F(xg,t) = xq forallt €[0,1].

More generally, a homotopy is a continuous map W X [0, 1] — X for W an arbitrary topological
space.

The following elementary fact is easy to prove (take the concatenation of the two homotopy maps
in the obvious way):

Al Lemma. If f| ~ f,and g, ~ g,, then (f; * g1) =~ (f * g,). nZ

This shows, in particular, that concatenation is well-defined on the equivalence classes of loops
based at x,. It is easy to see that:

« if f,g,h :[0,1] > X are loops then (f = g) « h ~ f * (g * h);
o the constantmap: : [0,1] D ¢ — xy € X satisfiest * f ~ f ~ f « ¢ for all loops f; and

« for aAloop f we may define f : [0,1] - X by f(t) == f(1 —¢t) for all t € [0,1], and that
fef=1=Fx].
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Thus the set of all equivalence classes under homotopy of loops based at x, forms a group un-
der the operation *; we denote this group, called the first homotopy group or the fundamental
group, by the symbol 7;(X, xy). Observe that, a priori, the group depends on x,. In fact, if X is
path-connected then it is independent of the basepoint up to isomorphism (but not up to natural
isomorphism).

A.1.2 Lemma. IfX is path-connected and Xy, x| € X then 7m1(X, xg) =~ m1(X, x1).

To prove the lemma, it suffices to observe that if « : [0,1] — X is a path such that a(0) = x,
and a(1) = x; then the map 7,(X, xy) — 7,(X, x;) defined on equivalence class representatives by
f  afa!is well-defined up to homotopy and is an isomorphism of groups.

We give some standard examples whose proofs may be found in any algebraic topology textbook
such as those listed above.

A.1.3 Example. 1. m;(SH)~Z
2. m(S") ~ m(R?) ~1forn>2
3. m(T10) = Z @® Z (Typ = S* x S! is the torus with a single ‘hole’)
4. m(T11) =~ Z * Z (T4 is the torus with a single ‘hole’ and a single puncture)
5. m(Ty,) = *tlz (T4, is the torus with a single ‘hole’ and r punctures)

Finally, observe that if X and Y are topological spaces, and if ¢ : X — Y is a continuous map,
then for each choice of x, we have a natural map

¢y - m(X, x9) = m1(Y, f(x0))

via the diagram

[0,1]
\l/f '*.,‘jﬁ.#f
¢ A
X 23y

(thatis, ¢y f := ¢of forall f € m1(X, xp)). It is easy to check that the maps sending X — 71(X, x;)
and ¢ — ¢4 define a functor (i.e. ¢yoy = (PP)u).

A.2 Covering spaces and deck transformations

The definition of a covering space is motivated by the generalisation of various classical examples:

A.2.1 Example. 1. The ‘spiral covering’ of S! by R (namely, f : R — S! C C defined by f(t) =
exp(it))

2. The covering of the torus T, by R? (namely, the projection map R? - R2/Z?).
The formal definition follows.

A.2.2 Definition. Let X and Y be topological spaces which are Hausdorff, path-connected, and
locally path-connected. A continuous map p : X — Y is a covering map if each point y € Y hasa
path-connected neighbourhood U such that p~!(U) is a nonempty disjoint union Ua ca Uq With the
property that pIy @ U, — U is a homeomorphism for each o € A.



A.2. COVERING SPACES AND DECK TRANSFORMATIONS 117

A.2.3 Theorem (Covering Homotopy Theorem). Let W be a locally connected topological space and
let p : X = Y be a covering map. Let F : W x [0,1] — Y be a homotopy, and let F' : W x {0} - X
be any map such that (poE)(w,0) = F(w,0) (such a map exists since p is surjective). Then there is a
unique homotopy G : W x [0,1] — X making the following diagram commute:

Wx {0} — x

Wx[0,1] 425 v

Moreover, if A C W is such that F(a, t) is independent of t forall a € A, then G(a, t) is also independent
oft foralla € A. A=

A.2.4 Corollary. Let p : X — Y be a covering map and let x, € X be fixed. Then the map py :
(X, xy) = (Y, p(xy)) is a monomorphism whose image consists of the classes of loops at p(x,) in
Y which lift to loops at x, in X.

Proof. Suppose f € ker m;(X, xp); then there exists a homotopy F : [0,1]%[0,1] — Y with F(x,0) =
(p#f)(x) = pf(x) and F(x,1) = p(x,) for all x € [0,1]. Let F and G be the lifts of F as in the
theorem (F chosen arbitrarily); it will suffice to check that G is a homotopy such that G(x,0) = f(x)
and G(x, 1) = x, for all x € [0,1]. But this follows immediately from the diagram. NS

If the image pum(X, Xo) is normal in 71 (Y, p(x,)), then we say that the covering p is a normal
covering or a regular covering (with respect to the basepoint x).

A.2.5 Theorem. Let p : X — Y be a covering map, with x, € X distinguished. If W is a path-
connected and locally path-connected topological space, wy € W, and f : W — Y satisfies f(w,) =
p(xp), then there existsa map g : W — X such that the following diagram exists

- X
E 0
N

ifand only if fum (W, wp) C pumi(X, Xo) in (Y, p(xp))- h=

A.2.6 Proposition. Let W be connected, p : X — Y a covering map, and f : W — Y continuous.
Let g;,8, : W — X belifts of f. If g1(w) = g,(w) for some w € W, then g; = g,. =

There is a bijective correspondence
(A.2.7) {right cosets of pym;(X, x,) in 7r1(Y, p(xy))} < the fibre p~1(p(x,))

which comes from the right action of J = 7;(Y, p(x,)) on F = p~'(p(x,)) defined for a € (Y, y,)
and x € F by
X - == g(l)

where g is defined as a lift of some representative of &t in Y to X via Theorem BE—X3.

‘We now consider maps which move the covering space but not the base space; for instance, con-
sider the map ¢ — ¢ + 27 on R, which behaves well with the covering ¢ — exp(ti) of S in Exam-
ple B2,

A.2.8 Definition. Let p : X — Y be a covering map. A homeomorphism D : X — X is a deck
transformation or an automorphism of the covering if poD = p.
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The deck transformations under conjugation form a group, Aut(p). The deck transformations
have a natural action on the fibres of p

A.2.9 Lemma. The covering p : X — Y is normal with respect to the basepoint X, iff Aut(p) acts
transitively on the fibre p~' p(x,).

A.2.10 Theorem. Letp : X — Y bea covering map, and let N(H) denote the normaliser of a subgroup
H < m(Y, p(xy)). There is an isomorphism
N(pym(X, xo))

Pu(m1(X, x0))

which is induced by the epimorphism ® : N(Stabx,) — Aut(p) defined by « — D,, where D, €
Aut(p) is the unique deck transformation such that D, (x,) = X, - Q. b=

Aut(p) ~

A.2.11 Corollary. If p : X — Y is a normal covering map with respect to the basepoint x,, then

Aut(p) = (Y, p(xo))/71(X, Xo) =
A.2.12Corollary. Ifp : X — Y isa covering map with X simply connected, then Aut(p) ~ m,(Y, p(xy))
(xO (S X) 1N

A.3 Freely discontinuous actions

We repeat the opening definition of Section BI:

A.3.1 Definition. Let X be a topological space, and let G be a group with an action as a group of
homeomorphisms on X. The action is said to be freely discontinuous (or properly discontinu-
ous, or a covering space action) on X if, for every x € X, there exists a neighbourhood U > x
(called a nice neighbourhood) such that gU n U = @ for all g € G nontrivial.

A.3.2 Proposition. If G acts freely discontinuously on a path-connected and locally path-connected
Hausdorff space X, then p : X — X /G is a regular covering map with Aut(p) = G.

Proof. Let U C X be a nice neighbourhood of some x € X; we may choose U to be path-connected.
Set U* = p(U); this set is open since the projection is an open map. The connected components of
U* are the sets gU for g € G. The maps gU — U™ are continuous, open, injective, and surjective,
so are homeomorphisms; thus p is a covering map and clearly G acts as a subgroup of Aut(p) by left
multiplication. We may apply Proposition B8 to conclude that there are no others. =

A.3.3 Corollary. IfX is simply connected and locally path-connected, and if G acts freely discontinu-
ouslyon X, then m;(X/G) ~ G.

Proof. Combine the above proposition with Corollary B2T2. =



Appendix B

Measures

We follow the terminology of [39].
A collection I of subsets of a set X is a o-algebra if it has the following properties:

1. X e
2. fAEeMthenX \ A € M;
3. IfA, eMiorneNand A =U;? A, then A € M.

A set X equipped with a o-algebra M is a measurable space. The members of M are the mea-
surable sets. Amap f : X — Y, where X is a measurable space and Y is a topological space, is
measurable if f~1() is a measurable set for each V C Y open.

B.0.1 Theorem. If ¥ is any family of subsets of X, then there exists a smallest o-algebra IN in X such
that & C M. b =

B.0.2 Example. Let X be a topological space. By Theorem BILT, there exisrs a smallest o-algebra B
in X such that every open set of X lies in 8. The members of this algebra are the Borel sets on X.

If 9 is a o-algebra then a function u : 9 — [0, co] is a measure if it is countably additive: that
is, if {A, },en 1s a collection of disjoint members of I, then

H(US Ap) = D u(Ay).
n=1

B.0.3 Example. Let 91 be the collection of all subsets of some set X; then for x € X and m € [0, oo],
the function

a: M - [0, 0]

m x€E
E v~ .
0 otherwise

is a measure on I, the atomic measure at x with mass m.

A measure u defined on the o-algebra 8B of Borel sets on a locally compact Hausdorff space X is
called a Borel measure on X. We say that u is regular if
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« for every E € B, we have

u(U) = inf{u(V) : V open and containing E};

« for every E € B either open in X or with finite measure, we have

w(U) = sup{u(K) : K compact and contained in E}.
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