
CONVEX GEOMETRY and MIXED VOLUMES

I. POLYHEDRA

IF Y= { ya . . . ,ynE 112
"

} THEN cone (Y ) { ✗syst . . _ + 7-kyr, / TIER ,
Fi ≥o}

{ 71×1-1 . . _

+744K / ◦ ≤ Ii ≤ I E7i=1}

DIE A POLYTOPE IS THE CONVEX HULL OF FINITELY MANY POINTS { xz .
.

.

✗ a}

EQUIVALENTLY IS THE BOUNDED
INTERSECTION OF HALF SPACES

POLYHEDRON IS THE CONVEX
HUTL OF FINITELY MANY POINTS + cone (Y)

EQUIVALENTLY IS THE B0U☒ED INTERSECTION OF HALF SPACES
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DE LET P BE A POLYHEDRON IN IR? A LINEAR INEQUALIIY ÉI ≤ Co WITH

≤ c- IRT co C- IR IS VALID FOR P IF IT IS SATISFIED BY ALL POINTS OF P
.

A FACE IS THE INTERSECTION OF ≤ = Co AND P
.

◦
←
0 DIM FACE VERTEX

•

•
◦

• •

41 DIM FACE EDGE

REMARK_ IF YOU WANT TO CREATE , VISUALIZE AND PLAY WITH POLYTOPES
,

CHECK OUT
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2. MIXED VOLUMES and CROSS-SECTIONAL MEASURES

n

DEF_ GIVEN TWO SUBSETS AIB IN IR , WE DEFINE THE MINKOWSKI SUM

A + B :=[ ✗ +ye 112ᵗʰ ✗ c- A , YEB }

+
=

⑧

10,0) 12:o) •

(2,0)
2,0)

PROPERTIES • IF A ,B COMPACT AND CONVEX ,
At B IS COMPACT AND CONVEX

• IF PIQ ARE POLYHEDRA THEN P+Q IS STILL A POLYHEDRON AND ITS VERTICES

ARE CONTAINED IN { Vp + Va / Up VERTEX CFP, VQ VERTEX OFQ}

• G- + B) + c-_ A + (Btc)
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REMARK_ • IN GENERAL C- P ) IS NOT THE NEGATIVE OF P W
-

R 'T

THE MINKOWSY SUM

-1K

NOTICE NOW THAT THE FOLLOWING MAKES SENSE

71A
,
-1

. .
_ _

+ 7kAk TIER
,
Di ≥ O

n

THÉOREM LET As
, . . . . ,Ak CONVEX and COMPACT IN IR AND Tic /Ri Xi 20

THEN V0/ n(71A ,-1 . . . . -17KAK) IS A HOMOGENEOUS POLYNOMIAL

OF DEGREE A In 71 , _ _

,
7K

K

V0tf7sAs+ . . . .

.+7nAk)=EV(Ais , .
. . ,Ain ) biz - - -7in

is
, . . .

in =L

V(As ,
Az) 7172 + ✓ ( Az ,

A)7271
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DEF_ ARRANGING THE COEFFICIENTS S.TV/Ai.....Ain)--V(Aociai.--,AoCin))
FOR EVERY PERMUTATION 2 OF {I , . .

.
,K} ,

WE CALL V(Ais , _ _ ,
Ain)

THE MIXED VOLUME OF Air
,
- -Ain -

PROPERTIES •

FOR A convex , compact in IR? VCA , . . . .
A) IS THE VAUME VOILA) .

n COPIES

• MULTILINEARIN V(aAtbB ,
Ez

, . .

.cn/=aV(A,Cz,..,Cn)+bV(B,Cz,...,Cn)a,bc-lRaoEXAMPlE-
1-

⇐

, , ,

•

I
°

✓ (Pz , Pz) = ✗
1 Plz i 21Pa

I too> ! • ↑ !
"

i

,

✗=vo1
'

'
'

,

! I

i Pd / Path I 0,07

"

I
,

l
'

,

! I

Psl
1

,

Volz (71%+7282)=712 Volz ( Pst ×⇒zPz)=7Ivolz(B) +72401dB'
+ 27172 .✗

V(PzPz)É7z+v(Pz , Pz) ✗zzz 5/10



2- CONSIDER Ps=
3 ,
Pz= - 3 ,

Ps = [0, es] - WE WANT TO FIND ✓ ( Pz , Pz , Pz)

V01
}
/ 71Pa + 7zPz+] >B) -7 } . V0 /

z ( IT HIPS-172Pa)) = Volz sPs+7zPz)

2-

1.ri
i

- D
} -1

, !
"

_

× BUT THEN
" i

3 ! VIPs ,
Pz

,
B) = 2 ! HITS (B) ,

MHRD

y
i

"

WHERE ITS PROTECTION OVEN est
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SOME GEOMETRIC INTUITION

DEI WE DEFINE THE M-th CROSS-SECTIONAL MEASURE OF A COMPACT ,
CONVEX K

IN IRN

Vmlk) :=V(K÷¥yB
"

. .

/
Bh)
↳ n - dim UMT BALL

REMAIN Vn ( K ) __ voln ( K )

Vn -1 ( K)=h°S
surface AREA OF K

THEOREM_ THE VALUE OF Vm (K) COINCIDES (UP TO A FACTOR DEPENDING

ONLY ON M AND n) WITH THE MEAN INTEGRAL VALUE OF M - DIMENSIONAL

VOLUMES OF THE PROTECTION OF K ON ALL POSSIBLE M-DIMENSIONAL

SUBSPACES V= /Rmc /Rn
.

Vmck)=ʳᵈn(Bˢ . fvolm / LICK)) -dwlv)
HA# MEASURE

volm /BY
Grcmn)
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3. BKK THEQREM
THIS IS A VERY NICE RESULT EVIDENCING THE IMPORTANCE OF MIXED VOLUMES

at

DE GIVEN A LAURENT PAYNOMIAL FE ¢[[tz , . .
. ,tn]] WHERE f- = {CI =L ate 21?

I

THE NEWTON PAYTOPE IS THE CONVEX HULL OF THE EXPONENTS {AI}
examples zxy

_'

+3×4 -14×24+5
×

.

"
•
✗
'

Y

o °

(010)

: ÷, -1

THEOREM (BERNSTEIN , KUSHMIRENKO & KHOVANSKI)
LET f1

, . . ,fnE¢[[t1 , . . .tn]] LAURENT POLYNOMIALS S -T

✗ : =# Vffs , . . .
fn) = { ✗ E

*)
" / filx) = .

. .
_

=fn(✗7=0] < + as
LET Pi : = Nffi) THE NEWTON POLYTOPE OF fi f- CONVEX HULL OF EXPONENT VECTORS

OF MONOMIALS IN fi )
THEN

✗ ≤ n !v( Ps , . . .
,Pn)

AND THE EQUALITY HOLDS FOR GENERIC COEFFICIENTS .
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4. ALEXANDROV - FENCHEL'S INEQUALIIY

THEOREM (
ALEXANDROV - FEN CHA'S) LET KI ,Kz

, P1 , . .
. ,Pn -2 BE CONVEX BODIES

-
INEQUALIIY

IN III. THEN

✓ ( Ks, Kc, Ps , . . .

,Pn-Ñ ≥ ✓ ( Ks , Ks , Pg , . . .

,Pn - a) ' V(Kik , Psn , - →
Pn -2)

FROM NOW ON @ = { Pz , . . . ,Pn - z} .

IN OTHER WORDS THIS THEOREM SAYS THAT

t→V(Ksttkz , Kzttks , E)

IS A QUADRATIC POLYNOMIAL. WITH NON - NEGATIVE DISCRIMINANT .

I 1 I

EXAMP , plz ,

IN THIS CASE A- 2 AND THE INEQVALIIY GIVES

1
,

I too> ;
✓ ( Ps ,Pz )

≥

≥ v0 / (B) • V01 (Pz)

✗= v01
'

I
1

, pd I Ps+Pz ✗ > v0 / (Ps)
1 : :
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SOME GEOMETRIC CONSEQUENCES

FROM THE AF INEQUALIM ,
WE CAN DEDUCE SOME CLASSICAL GEOMETRIC

INEQUALITIES
.

- / SOPERIMETRIC INEQUALITY IF K CONVEX COMPACT IN 11£

15 (K))
"

≥ nivoln / BY .(voIn( K))
" "

↳ n - dim unit BALL
SURFACE AREA

PR0 FROM THE AF INEQUALIIY WE GET

Nk;rKi5))
"

≥ voln / BY .to/n/k))
" "

BUT n.tt/K,.-.,K ,
5h) IS EXACTLY S(K) .

THIS INEQUALIM IS STATING THAT THE SPHERE HAS THE SMALLEST SURFACE AREA PER

GIVEN VOLUME
, SINCE THIS EQUALIN HADS WHEN K=B?
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